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THE SCHRODINGER EQUATION WITH A POTENTIAL
IN ROUGH MOTION

MARIUS BECEANU AND AVY SOFFER

ABSTRACT. This paper proves endpoint Strichartz estimates for the lin-
ear Schrédinger equation in R3, with a time-dependent potential that
keeps a constant profile and is subject to a rough motion, which need
not be differentiable and may be large in norm. The potential is also
subjected to a time-dependent rescaling, with a non-differentiable dila-
tion parameter.

We use the Strichartz estimates to prove the non-dispersion of bound
states, when the path is small in norm, as well as boundedness of energy.
We also include a sample nonlinear application of the linear results.

1. INTRODUCTION

1.1. Overview. Consider the linear Schrodinger equation in R? with a time
dependent potential

iZ +H(t)Z = F, Z(0) = Zy given, (1.1)
where
H(t) = Ho+V(z,t) = —A+ Gop)V (). (1.2)
G, stands for an element of the Galilean group on R3, indexed by the vector a:
a=(v,B,v); GaV(z)=e"Dily)s(B)V (x — 7).

7y : [0,00) — R3 is a continuous curve corresponding to translation, 3 cor-
responds to rescaling, and v to boost. Dils/; stands for an element of a
dilation group, see below.

Such Hamiltonians appear naturally in many applications, from physical
models, like charge transfer Hamiltonians and particle models of Markovian
potentials, to the mathematical analysis of dispersive PDEs (e.g. stability
of solitons). Time-dependent rotations can also be included (see [Bec|) and
are relevant in the treatment of vortex-type dynamics. More general time-
dependent symmetries can also be accounted for.

More substantial is the generalization to the multicenter case, where sev-
eral such potentials with different time-dependent Galilean group actions
are considered together. This case will be treated elsewhere.

We show that, for a general rough class of trajectories a(t), the basic dis-
persive and scattering estimates hold for H(t). The potential function V (z)
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2 MARIUS BECEANU AND AVY SOFFER

is assumed to be in a natural L? space (i.e. L3/2 N L?), with no smoothness
or size assumptions.
The natural space that we find for the trajectories a(t) is

Definition 1.1. T = (H'/2NC) + BV.

Here, BV stands for the space of functions of bounded variation.

A key property we use is that the space of distributional derivatives of
these trajectories is a Banach subspace of the dual of I': TV C I'*. The basic
definitions of I', its dual, etc., and some of their fundamental properties are
discussed in detail in the next section. It is shown in particular that I' is a
Banach algebra under pointwise multiplication; see Lemma 241

In Section [3, we estimate the integral operator arising from the Duhamel
formula representation of the solution of the Schrédinger equation. The new
ingredient is that the kernel of the free propagator is conjugated by time
dependent Galilean group elements with rough time dependent parameters.

We use modulation equations to handle the bound states of the system,
then estimate the solutions of the ensuing ODEs in a space of distributions.
Related results concerning ordinary differential equations in rough spaces
have been obtained, for example, by Lyons [Lyo|, but we find that such
methods do not apply directly to the current problem.

We prove the Strichartz estimates by a bootstrap argument involving the
modulation equations, then control, uniformly in time, the L? and the H*
norms of the solution in terms of the corresponding norms of the initial data.

Our approach allows, in particular, handling the modulation equations
in cases where there is no integrability in time (which is replaced here by
the HY2 N C condition). It also applies to Hamiltonians with self-similar
potential, as they appear in the study of blowup phenomena for NLS.

1.2. Main result. The linear Schrodinger equation has symmetries corre-
sponding to changes of position and velocity of its coordinate frame and to
dilation. This allows us to accommodate three kinds of transformations of
the potential V, i.e. translations, boost, and rescaling.

The rescaling of V is dictated by the presence of —A in the equation,
hence must be of the form V — e#(*V+2 V. The rescaling of the solution
Z, on the other hand, is dictated by the fact that we are considering L?
solutions, so must be the L?-unitary dilation Z(z) — 5=V+3/2) 7(z).

Accordingly, let

~v(t) = D(t) + 2/0 v(s)ds
and

Saa(t) = PDEV+2) YOV S(t) = B (@V+3/2) A(OV o) (1.3)

The main result of the paper is then the following:
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Proposition 1.1 (Strichartz estimates for time-dependent potentials). Con-
sider the equation in R3 x [0, 00)

i Z+ H(t)Z =F, Z(0) given, H(t) :==—A+ S3/5(t)""V, (1.4)
with a real-valued, scalar potential
Ss/2(t) "V (z) = e POEVIIY (3 — (1))

of variable scale 5(t), driven by a curve

t
~(#) :D(t)—|—2/ o(s) ds.
0
Assume that lim sup |B(t) — B(T)| << 1, likewise for v and D, and that
T—00 ¢>T

Po,ePD e H1/? ﬂat_lC', Be H/2NC. Assume that V € L32NL? and
that —A +V has no embedded eigenvalues or threshold resonances.

Then there exist families of unitary operators B(t) € th’oo and A(t) € Ty
on PpL2 such that

IPSHZ(O oo p2nrz ez + I1BO AR BSHZ(B)r <

SNZO)l2 + IPSEVE@ 1y sy 2002 + IB(t)~ A(£) P, S (8)F (t)]|r-
(1.5)
1/2

Moreover, for any F € H,'* (V)™ (z)"'°L3 and any family of L*-isometries
g(t) deﬁned by m} with eﬁi‘),e—BD c H—1/2 ) at—lcr; BG Hl/Q N C’
KZ2(®). SOF®)|g1/200 S 12Oz + IPSOF Oy o, p2perme+
+ | B(t) AP S () F(t)r-

The same conclusion holds if v, D, 8 € BV have sufficiently small jumps
— or if v, D, 8 € I' have sufficiently small jumps and if all bound states
of —A + V have three derivatives — the latter guaranteed when V has one
derivative.

The proof becomes simpler if there is at most one bound state, with a
further simplification if there are no bound states: then v, D, and 8 can just
be taken to have finite L™ norms, if we also assume that they have locally
small variation, i.e. at every T there exists e such that

sup  |v(t1) —v(t2)] << 1land lim suplu(t) —v(T)| << 1,
te[T—e,T+¢] T—ooy>T

and it also suffices to take V € Lg/ %00 (the weak-L3/2 closure of the set of

bounded, compactly-supported functions). In this case, the proof essentially
reduces to Lemma B3]

Otherwise, the extra half-derivative is needed to control the interactions
between the bound and dispersive states. The extra assumption on V', com-
bined with the absence of threshold resonances and eigenstates, guarantees
enough regularity and decay of the bound states of —A+V (by Lemma [3.6])
to apply Lemma [3.5]
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With bound states, the conclusion still holds true when 3, v, D € T, if
they have locally small variation, as above — for extra regularity for V.

The proof also appears to work in even greater generality — for 5, v, and
D that are piecewise in I'. However, if for a partition of [0, co)

[0,00) = [0,751] @] [tl,tg] U...U [tN_l,OO)

X[t 501 B)0(#) € T([t5,t541]), 0 < j < N —1, then v € I' — so this is not a
true generalization.

1.3. Incomplete ionization and energy boundedness. Strichartz esti-
mates are shown to imply that ionization is controlled by the I" norm of the
path a(t), respectively that the energy stays bounded for all times. In par-
ticular, we show that the energy remains bounded for paths a(t) in H2nC,
that the endpoint Strichartz estimates hold, and that the L? wave operators
exist and are asymptotically complete.

For sufficiently small perturbations of the trajectory in the H'/2 0 C or
I" norm, bound states never vanish entirely. Moreover, we can estimate the
mass transfer between P.L? and PpL2 due to their coupling through ~.

It thus follows that the ionization probability of such quantum systems is
bounded by the H*2 N C norm of the path, so, for small norm, there is no
complete ionization:

Corollary 1.2 (Incomplete ionization). Let Z be a solution to
iZ+H)Z =0, Z(0) = Zy given,
with, the potential S35(t) 'V (z) := e BOEVEIY (1 —~(t)) driven by a curve
~v(t) = D(t) + 2f0t v(s)ds and of variable scale 5(t) such that
bo, e PDerV?note, pe HY?nC.

Assume that V € L32 N L? is real and that H = —A + V admits bound
states, but has no threshold eigenstates or resonances.

Then there ezist operators Uec(t) : P.L? — P.L*, Ugy(t) : P.L> — P,L?,
Upe : PyL? — P.L?, Up,(t) : P,L? — P,L?, such that

(Rt —n) =00 (£200) 70 = (5260 026

18 a unitary transformation. Furthermore,

sup [|Uep ()le(z2.22) + 10pe®llezz.22) S 1l m2ne-

If P,Z(0) # 0 and ||v||gr/2ne s sufficiently small — more specifically if

P,Z(0
”’YHHl/?mC < max(1, %) — then
lim inf [|F5, () Z(#)]| .2 > 0. (1.6)

Ast goes to +o00, the wave operator defined by

W Z(0) =1 —i /0 T et (5 — () PaZ () dt
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exists and the strong limit

Wy Z(0) := s-lim B(t) "' S(t)P,Z(t) (1.7)

t—o00

defines a final (oscillating) state for the negative energy part of the solution.

Wy defined by (L)) is also called the channel wave operator correspond-
ing to bound states.

In other words, as ||| z1/24 gets smaller, the proportion of mass trans-
ferred between P.L? and PpL2 goes to zero.

Contrary to this, if the path is taken to be Brownian, then ionization
results with probability one. This is shown in a separate work [BeSol; also
see [Pil] and [Chel], [Che2]. Thus, in some sense, paths of finite H'/2 N C
norm are the optimal, borderline case for the aforementioned results.

Brownian motion is almost surely not in H/20C, but is always continuous
and fails to be in H/2 only logarithmically. Indeed, locally in time (e.g. for

t € [0,1]) By is almost surely in the Besov space 321/020 and in H®, s < 1/2.

Thus, our results establish a threshold between the case where only a
limited proportion of the mass can be transfered and the one where unlimited
mass transfer can occur.

Next, let energy be defined as the sum of kinetic and potential energy, viz.
1
2
and also consider the L? “mass” M[Z] := || Z||3. Note that E[Z] = E[P.Z]+
E[P,Z] and that

E|Z) = E[Z) + E)|Z) = = (-AZ,Z) + (VZ, Z)

E[Z](t) = E[Z(x 4 (1), 1)]
obeys the following conservation law:
HE[Z(z +7(t),1)] = —W(Z, VV(z = (1) Z). (1.8)

Mass, on the other hand, is conserved under the time evolution (L2]).
Since V € Lg/2’°°, by writing V' = Vi + Vs, where V} € L™ and ||Va||3/2.00
is small, one has that

1Z|762 < E[Z] + M[Z), (1.9)
|Ec[Z]| + |Ep[2]| S ElZ] + M[Z].

Clearly, if v € BV and VV € L*, energy remains uniformly bounded by
(L8). The same is true even if VV € L3/%> since then (Z, VV (z —~(t))Z)
is controlled by (L9]) and, by Gronwall’s inequality, for all ¢ > 0

E[Z)(t) < e (1ZO0)] e + |17 v M(2)).

However, energy boundedness also holds under weaker conditions on +,
of the kind we assume in this paper (i.e. for nondifferentiable paths):
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Theorem 1.3 (Energy boundedness). Let Z solve
0 Z +H(t)Z =0, Z(0) = Zy given.

Assume that V € L3/2 N L? is such that H = —A + V has no threshold
eigenstate or resonance and that VV € L3/2:°,

Further assume that V' has a scale B(t) and moves along v(t) = D(t) +
2f0tfu(s) ds, with efv, e PD e H1/2n 8{10, Be H/2NC. Then

EZ(z + (), )] S 12(0)]1 7
and this bound also holds for the kinetic and potential energies separately.

In the absence of bound states for H = —A+ V, this result can be further
improved, as above, in the sense that we could take 3, v, D € L, of locally
small variation, and V € Lg/ 2% This is due to the fact that the proof of
energy boundedness is based on Strichartz estimates, which still hold under

these relaxed conditions.

1.4. History of the problem. A rich literature exists concerning the Schro-
dinger equation with moving and time-dependent potentials.

In the case of random motion, Pillet [Pil] — and Cheremshantsev |[Chel]
[Che2] in the specific case of Brownian motion — showed the existence
and asymptotic completeness of the L? wave operators s-lim;_, o e/ e~ #*Ho,
Thus, random motion of this kind will destroy the bound states of —A+ V|
a behaviour opposite to the one we find for I' paths.

Other results (i.e. kernel decay or Strichartz estimates) for Schrodinger’s
equation, in the time-periodic or quasiperiodic case, were obtained by Gold-
berg [Gol|, Costin-Lebowitz—Tanveer [CLT], Galtbayar—Jensen—Yajima [GJY],
Bourgain [Bou2], and Wang [Wan].

Results concerning time-dependent potentials of different kinds also be-
long to Howland [How]|, Kitada—Yajima [KiYa], Rodnianski-Schlag [RoSc],
and to Bourgain [Boul], [Bou3|, [Bou4].

For linear in time trajectories, the optimal LP decay estimates, which
imply the Strichartz estimates, were proven in the multicenter case (the
charge transfer problem) by Rodnianski-Schlag—Soffer [RSS].

[Becl, in a context similar to that of the current paper, assumed that one
can control the negative energy (bound-state) component of the solution
P,(t)Z(t) in the Strichartz norm and used this to prove Strichartz estimates
for the whole solution Z(¢). In particular, this approach worked if H =
—A 4 V had no bound states at all.

By contrast, in this paper we do not assume any control of the bound
states, but derive it explicitly instead, by solving the modulation equations
in the rough function space I'. For reasons explained above, this space has
optimal regularity, as far as the results of this paper are concerned.
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1.5. An application. An interesting consequence is the following:
Consider a model of a heavy classical particle, with trajectory given by a
path ~(t), going through a quantum fluid described by NLS.
Then, the corresponding nonlinear equation for the effective wave function
satisfies the following NLS:

v _
iy = HOY + F (1), (1.10)

where H (t) is of the type we consider in this paper:

H(t) = =A+V(x—~(t)), v(t) = D(t) + 2 /Ot v(s)ds.

Absent the motion of the potential, this problem has two conserved quanti-
ties, “mass” (M[¢] := ||¥||3) and energy:

1

BlY) = 5 190 + Ve =r@plete.of do+ [ Gl da

where G(y f F(y

Settmg V in motlon does not alter the L? norm conservation, but energy
is no longer conserved (i.e. time-independent), only bounded, in this time-
dependent case, as we shall see below.

An even more general type of time dependence, which includes the rescal-
ing of the potential (corresponding to possible mass renormalization of the
moving particle), makes sense physically and can also be included in the
model.

It then follows that:

Theorem 1.4. Let ¢ satisfy equation (I10) in R3*! with V (z) chosen such
that —A + V' has neither bound states, nor zero energy resonances.
Assume that V' € L?’/200 has a scale B(t) and moves along v(t) = D(t) +
2 fo s)ds, with B, D, and v in L*°, of locally small variation. F(y) satisfies
a gmwth bound at mﬁmty and vamshes of sufficient order near zero:

F(y) < Cmax(|y|/3,[y*), F'(y) < Cmax(|y|*?, |y[*).

Then 1 satisfies the endpoint Strichartz estimates, for all small enough ini-
tial data in H'.

The size condition needed to ensure global existence depends on F, V,
and D. For large initial data we only obtain local well-posedness, because
we are not assuming here that F' has any particular sign.

The condition on F' ensures that one can bound the contribution of the
semilinear term by a combination of the following inequalities:

||¢7/3||L2L6/o2 S 1Wllgerz ||¢||L2L62, ||¢5||L§Lg/s,z Sl oo o2 191l 2025

and the energy identity, where the energy

1

B = 5 [ 196 0F + Ve =)t de+ [ Gt da



8 MARIUS BECEANU AND AVY SOFFER

is a uniformly bounded (in time) quantity.

The proof follows from a direct application of the endpoint Strichartz
estimates to the linear and non-homogenous terms of the equivalent integral
equation, by bootstrapping. The energy bound is proved by combining the
energy identity with the Strichartz bound above, in the same way as in the
linear case. Again, the smallness of the initial data gives control of the
nonlinear contribution to the energy estimate.

Furthermore, by writing an iterated expansion, to some large but finite
order, using the Duhamel formula, of the contribution of the semilinear
term, and applying Strichartz estimates, the decay condition near zero can
be improved to F(y) ~ |y/**¢, where 2 is the Strauss exponent for this
equation.

2. NOTATIONS AND BASIC ESTIMATES
2.1. Notations. Note that the Galilean coordinate change
V() = () +y+ ot
for fixed y, v € R? corresponds to an isometric transformation of the solution
Z(x,t) s eV Z(x + vt +y,t).

Thus, we are always justified in taking v(0) = 0 — and, more generally, in
characterizing « through a seminorm that vanishes for linear functions.
Likewise, an L2-unitary dilation of the form

Z s PV 7= 63/2BZ(€BZ')
preserves the equation (L)) if we also rescale V' by
Vs P@VI 7= o2 7).

This rescaling is dictated by the equation (has to coincide with that of —A).
Let V = ViVa, where Vi = |V|/2 and V4 = |V|'/?sgnV. For a curve
v :[0,00) — R3, define the operator T'(y) on L%x by

t
(T(y)F)(t) = / Vol =908 0O=1DV Y, B (s) ds. (2.1)
0
For such an operator T', we denote its integral kernel by T'(¢, s):

(TF)(t) = /]R T(t, s)F(s) ds.

Let Py be Paley-Wiener projections on the dyadic frequencies N. We denote
Lorentz spaces by L and the homogenous Besov spaces by By :

By =A{f] HNSHPNJCHLPHZ?V < oo}

Also let H® = 3572; in the Hilbert space case this is the same as H*, but in

general they need not coincide. H'/? is a seminormed space and character-
izes functions up to a constant.
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Also, let
* C be the space of continuous, bounded functions, with the L> norm;
* M be the set of finite-mass complex-valued Borel measures on R; M = C*;
* BV be the space of functions of finite variation: || f|lgy = |/ |lm+ 1l Lo
We take all functions in BV to be right-continuous at every point.

M* is the space of bounded Borel measurable functions on R endowed
with the supremum norm; it includes C' as a closed subspace. Likewise, an
element of C* is locally a measure and C* includes M as a closed subspace.

2.2. Basic estimates. To begin with, we prove a classical characterization
51/2

of the Besov spaces BY/?2 := B,!5 . This approach, which does not involve the

Fourier transform, also applies to the mixed norm Ht1 2x , for any Banach
space X.

Consider a smooth function x such that x(h) <, (h)™" for each n and
X(A) = 0 for [N\ < 1/2 and |\ > 4, X(\) = 1 for [N\ € [1,2], and
D NX(NA) = 1. Let Pyf(t) = N‘lx(N '#) % f(t) be the corresponding
Paley-Wiener projections.

Lemma 2.1. Let X be a separable Banach space and
BX ={f | N*||Px flr2x € 63}
Then, for 0 < s <1,
X ={f| (2" i, IF(E+h) = F)l2x) = 9(2°) € 6}
with equivalent norms:
15 x ~ Mlgllez-

Remark 2.2. Another way of writing this is, for 0 < s < 1,

2. N ||f(t1) ( )HXd d
1F1, /R . b dts.

‘tl _ t2’25

In particular, it follows that f(t) — f(1/t) is an isometry of BY/2X.

Proof. In one direction, assume that g(2¥) € £2. Then
1Py Fllix < /R NX(NB)|£(t+h) = F()l 2 dh

§N1+s/ sup X(Nh)g(N~')dh+
|h|[<N-1 h<N-1

+Z / i 2N qup (NR)g(2"/N) dh
2 2 [2k71 &
N ' N

S ng(N—l) + Z Qk(l_S)NSQ_nkg(Qk/N).
k=1
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N~%Py-1f is bounded by a convolution of g(N~!) € £? with an integrable
kernel, for n > 1 —s. Thus, [|[N™*Py-1f[[12x € %, 50 f € B°X.

Conversely, begin by noting that if f € L?X, then limy ¢ ||f(t + h) —
f@ll zx = 0. Indeed, since X is separable, f can be approximated by
a step function that takes finitely many values, for which this conclusion
follows right away.

Then, lim o ||e tx(e71t) * f — fllzzx = 0. By the same reasoning, we
obtain that limp_, || R~ x(R™1t) * fllzzx = 0. This implies that

Because AX(A) = ¢(A)X(A) for some smooth, compactly supported ¢, it
follows that |0:P1f|[2x S Ifllz2xs so 10PN fllpzx S NIIPN fllz2x-
Let fn:= NSHPNfHLg(. Then

g(2%) =2 sup ||f(t+h) = f(B)ll2x
hl<2-k

S2%° sup ||[Pyf(t+h) — Puf(t)2x
N |hl<27F

<2270 Y laPvflx + D 1PNy )
N<2k N>2k

5 2k(s—1) Z Nl—SfN+2ks Z N_st-

N<2k+1 N>2k

~

[ £1l g7 x» it follows that g(2¥) € £2. O

Since this is the convolution of (fx )y with an integrable kernel and || (fx) N Hz?\, N

For a Banach space X, we also define BV; X by

N-1
BVX ={f € LX [sup  sup > |f(tjs1) = f(t;)]x < oo}
n 1<t2<..<tn j=1
We require that functions in BV, X should be right-continuous. For f &€
BV, X, one can define a measure |f’| € M by

N—

1
F1() s=sup  sup > f(ti) = £(t)]x-

n 1 <t2<..<tp€l j=1

Then ' = fool|f'|, with fo € L°(d|f’|, X). Conversely, any function with
such a decomposition is in BV} X. . .
Although false in general, for a Hilbert space it is true that B* = H*:
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Lemma 2.3. Let X be a Hilbert space and f € L2X. Then ||f||L?X =
HfHLgX, where f(\) = [ e A f(t)dt. Moreover, BSX = H°X, where

B°X = {f | N*||P fll2x € (3}, H°X = {f | I\°f € L3X}.

Proof. Since (f,g) = <f, 9), setting f = g we obtain Plancherel’s identity
(only possible when X is a Hilbert space).
For the second part, use Plancherel’s identity for Py f, for each N. O

We allow the potential to move along a trajectory of class H/2 N C or,
more generally, I' = (H/2 N C) + BV.

Functions in I" have left limits at each point, are right-continuous, possess
half a derivative, and are bounded: I' C L.

The space of trajectories I' must have the following properties:

t
Xos @5 @ S 150 | [ #G)as], < 171l

Ours is a minimal choice in this regard. The former property makes it
possible to have L? initial data and L} L2 source terms in the equation; the
latter caps the interactions, due to 7, between bound and dispersive states.

The derivatives of functions in T are in IV = H~1/2 1 9,C + M, where
9,C is a space of distributions. The dual of " is T* = (H~Y/2 4+ C*) N o M*;
thus, IV C T'*.

For any closed interval or half-line I ¢ R let H'/2(I) N C(I) be the space
of restrictions to I of functions in H'/2 N C. It is relatively straightforward
to prove that several alternative definitions give rise to the same space.

We denote the space defined in the same manner as I on any interval I
by D(I) := (H'2(I)nC(I)) + BV (I). Subsequent statements are meant to
be equally valid in this setting, with a constant independent of the size of
the interval I.

Finally, in addition to the scalar space I', we also consider functions of
the form (Ht1/2X1 N CiX2) + BV, X9, where X9 C X; are Hilbert spaces.

The properties of I' are collected in the following lemma:

Lemma 2.4. The following statements are true in I' and in T'(I):

[X[t0,00) &) fOI0 S N f NI 1X[20,00) ) f DI S N £l
[ fglir < 1 flellgle I fgller < N flivllgllre,
t
| [ e, s,
1D =1l g1/20e S 11 a2ne e Olp < 1+ |1 £II,
”elf(t)M - [”Hl/zmc Sm ”f”Hl/zmc Hezf(t)MHF Sml+ HfH12“7

1YY 1l sz S LIV Fllx 1Y Fllrox S (L4 IV IRV f Lx
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furthermore,

“X[()’oo)(t)f(t)H(H7:1/2X1I’WC,5X2)+BV75X2 S.z ”f”(Htl/QXmCth)—i-BV}XQ’

where M is a selfadjoint matriz, X is a translation-invariant Banach space
and Xo C X1 are Hilbert spaces. More generally,
D(t)V
POV E®) | x S NP g2 IVF | g x + 1EW 172 -
and if X is a Banach lattice

1O F@) | gaax S N0l e leFllogex + 17 a2 -
Finally, let e?®V+3/2) pe the unitary dilation operator
PETHY2) p () = 3126 f (o).
Then
IIEﬁ(WHmFIIH;/zL% S Bl (l2V Fll e rz + 1F W pgerz) + I1E N vz -
Remark 2.5. More generally, let S(t) be a H'/? family of isometries on X,

of infinitesimal generator s, in the sense that S(t) = exp(m(t)s) is defined
by 8,S(t) = #(t)sS(t) and w(t) € H'/2. Then

ISOF @ grr2x S Ml llsFllzex + [1Fl g2
However, we shall not need this degree of generality in the sequel.

Proof. The classes I' and (by duality) I'* are preserved by multiplication
with the cutoff functions X[, ), fo € R: this is the case for BV and also
HX[to,oo)f”(H1/2mC)+BV 5 HfHHl/2mC'
We prove this statement as follows: for simplicity, take tg = 0. Let x1 be a
smooth function such that x1(¢) =1 for ¢ > 2 and x1(t) = 0 for t <1 and
let xo(t) =1 — x1(t) — x1(—t). For f € HY/2N C, write
X[0,00) () f (1) = f1(t) + fa(t),
J1(t) = x1 () f(t) + X[0,00) (E)x2 (1) (f () — f(0)),
F2(t) = X(0,00) (t) x2(t) £ (0),

where f; is continuous and fs is a step function. Clearly fy € BV and
(7@ gra + IO F WL S 1 sz IO Oz S 1l
By Lemma [2.T], since

[1X[0,00) )9 () | 12 S H2k/2 ‘hfggk HX[O,OO)(t+h)g(t+h)_X[0,oo)(t)g(t)”LfXHZ%

and

[1X[0,00) (t+R)g(t+R) =X [0,00) () 9() ]| 22 < [lg(E+R)—g(E) ]l L2 +]X(0,1my @) g ()| L2
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it follows that

g(t)|? 1/2
1009 0Oz 5 ol + [ 222 a)'™

The next step is proving that

([ e £y
R

i -

Xe(®)(f (&) = FO gz (2.2)
For g € H}((—00,0)U(0,00)), interpolating between [ |g(t)[* dt = ||g||3 and
lg(t)[? 2

t <
/R |t|2 d ~ Hg||H17
(see [Taol, the Agmon division lemma) we obtain

g(t)]?
/ IOF 4y < 1g12,,0.
r |t

Let g € S have ¢g(0) = 0; then

g@®)?
[ < g
R |t
In particular, this is the case for x2(t)(f(t) — f(0)), for any f € C*°. Then

_ 2
[ e ZIO e < peator(r ) = £ By

This proves [2.2); since |[x2(t)f ()2 S [1flgrre and 2O F (Ol g2 S
|l fllc, we obtain

HX[O,oo)fH(Hl/ZOC)—i—BV S ”f”H1/2ﬂC'

Rescaling f so that the L? norm goes to zero and the H'Y/2 N C norm is
constant, we can replace H'/2 by HY2. Approximating any f € HY/2n C
by C*° functions, the conclusion follows.

The same considerations apply in the more general setting of Hilbert
spaces X7 and Xy, where the Plancherel identity is valid.

This proves that I' is an algebra. Indeed, both H'Y2 N C and BV are
algebras, when considered separately. Concerning a product between f €
HY2NC and g € BV, we proceed as follows: write

(F9)(t) = g(—o0) f(£) + / (oo F)(£) dg' (7).

R
Then, by Minkowski’s inequality,

17glr < llgllzge 1117206 + 19 g 5P lixgeo) e

S (g e + Mgllzo)lf g2

Hence I' is an algebra, which also implies, by duality, that || fg|r« < ||fllrllgllr-
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Assume that g € I'; then g = g1+ g2 with g; € H~Y20,C; and g, € M.
Then x[0,00)(t)g2(t) € M and x[o,00)(t)g1(t) € T'*. If G is a continuous
antiderivative of g1, then

G(1) = X[0,00) (1) (G(t) — G(0))
is a continuous antiderivative for x[p )91 — which shows that x| )91 € I
More generally, take f € T and g € IV, g = g1 + g2, 1 € HY2 N 8,C,

and g3 € M. Then [|fg2llm S Iflcsnvligelae Tet f = fi+ fa, where
fi € HY/2NC and f, € BV. We write

fogr = Fa(—00)gr(t) + / (X{roy 1) (1) dFL(7),

implying that fog; € I'. Finally, approximating f; and ¢; by Schwartz
functions, we obtain that fig; is in the I'*-closure of the Schwartz space,
hence in (H~'/2n9,C)+ L' cT".

Next, we show that the antiderivative of a function in I belongs to T.
Decompose f € I into f = fi + fo, where fi € HY/219,C and f, € M.
Then the antiderivative of fy is in BV C T' by definition. If f; € H~1/2

/oof1(8)d8—/t fl(s)dSGHt1/2.
t —o0

The Fourier transform of this convolution kernel is 1/£. Then

/_too fi(s)ds = %(/_(: fi(s)ds — </toof1(3) ds — /_too fl(S)d3)>

is in H'/2, up to the constant term f_oooo fi(s)ds, since f; € 9,Cy. We put
this constant in BV. By definition, fi’s antiderivative is in C as well, hence
in H'2NC CT.

Since T is an algebra, ||e/ || < el/ll"; however, a better estimate is avail-
able when f is real-valued: following Lemma 2.1}, since |e’® — | < |a — b|,

”eif - 1”1511/200 N HfHHmmc'

More generally, let f € I' = fi + fo, fi € HY>NC, fo € BV. Then
t
GF )+ Fa(t2)) _ Gilha(t)+Fat)) / YL () O ) g —

t1

_ / P L) PO (1 0) _ bR gy 4 ifat2) (i) _ gifi(h)

t1

S A+ fellBv) sup [fi(t) — fi(ta)]-

tE[tl,tz]
By Lemma 2] it follows that
1)+ f2(1)) / ifs(t)e i(f1(T)+f2 (7 dTH RS S (L + I f2llBV)Nfill gz,

so e/, S 1+ IfIE,-
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When M is a selfadjoint matrix, we first bring it to a diagonal form,
= CDC™Y; then e/OM — Cetlf)DC—1 and the conclusion holds for
each 1nd1v1dual eigenvalue.
Likewise, note that

leP DY f — POV fl|x < |D(t + k) = D@V fl|x;
then the characterization of H'/2? given in Lemma [2.1] establishes that
1Y Fllpy S 171l IV fllx
More generally, for a time-dependent function F(t),
[P B (t-4h)—ePOY F(@)||x S [D(t+h) D) [V Fllgex+| F(t+h) ~F (D)l
which shows that
le”OVE®)|x Sl g2 | VFllgex + 10 72

Assuming that X is a Banach lattice, we also obtain
e+ P (t4h)—e" D F(8)||x < o(t+h)—o()|[[2F || g x +[| F(t+h)—F (1) x,
implying that

"D F(t)|x S vl goelloF | g x + 1E 0 gz x
The statement about dilation is proved in the same manner.

Finally, consider F(t) = YOV f n € T = v 479, v1 € HY/2NC, v, € BV.
Since

He'Y(tQWf — eV z*y L) Ve OV f dtH

t1

S+ [[vllav) sup |n(t) — )V,
tE[tl,tz]

it follows that ™V fllr,x < (1+ V7V Flx-
To retrieve the same results on any interval I, it suffices to note that I'(1)
is the restriction to I of T'. O

3. PROOF OF THE MAIN STATEMENTS
Let V = ViVa, where Vi = |V|¥/2 and Vo = |V|/2sgnV. For a curve
7y : [0,00) — R3, a variable scale 3 : [0,00) — R, a velocity v : [0,00) — R3,
and a phase a : [0,00) — R, let m be the parameter path 7 = (v,v, 3, )
and define the isometry

Sy (t) = i) OEVH3/2) giv(t)z v()V
and the operator T'(7) on L?’x by

(T(7)F)(t) = /0 t VoS (t)e't9)A 8 (s)" Vi F(s) ds. (3.1)

Here #(@V+3/2) ig the L2-unitary dilation operator
PETH) f(2) 1= M2 ()
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e7V represents the translation eV f(z) = f(x + 7).

First, we show that T'(7) is a continuous mapping to £(L§x, L%x) in the
norm topology. The proper norm to consider for 7 is ||7|ln = [|at/| ooy yir1,00 +
Y oo sirree + 0lloe + (18] oo

Lemma 3.1. Assume V € () *L' N L>. Then

2/5
IT(m) = T(ro)l ez, 22y S IVl wy-szimzoellm = moli -

t,x?

More generally, if V € Lg/2’°° (the weak-L3/? closure of the set of bounded,
compactly supported functions), then for fized ~y

lim |T(m) = T(mo)ll ez, .22,) = 0.

[l —mollr1—0

In the latter case, the rate of convergence depends on the profile of V
(there is no exact estimate).

Proof. To begin with, assume V' is in (z) ~*L'NL*>. Note that || T(m0)(t, s)|| z(z2,12)

and || T(m)(t, )l z(z2,r2) are uniformly bounded by (t — s)73/2:

1T (7o) (t, )|l c(r2,p2) + I T(T) (8l eerz,nz) SV I piapes (t — s) %2
We estimate [|T(y) = T(Yo)llgzz, 22,) by

b
6@ t—s=r

170 ~ TColews 1) < /0 sup [Tt s) = T(0)(t, )l £z 02) dr

In particular,

1T s)lewz, ez, S IV ILiace,

t,x?
so with no loss of generality we assume that ||7 — 7|l < 1.
If &g is Dirac’s measure at zero, then the fundamental solution, respec-
tively Green’s function for the free Schrodinger equation are

. 22 Jz—y|?
€25y (z) = (4mit)32el T | A (2, y) = (dmit) 32l

This leads to the pointwise bounds, for 3] < 1,
|(PEVEI — 1) B (2, y)| S 28] 4+ 17028l |z — yl,
(€™ = 1)e’2d(x)| <t (d” + dla]).

Taking into account the other parameters as well, the difference between the
perturbed and the unperturbed kernel is of size

|eiaeﬁl (wV+3/2)e—ivlmedveitAeivgyeﬁg(:vV+3/2) (l‘, y) o eitA ($’ y)| <

~

SR (Bl =yl + | Ballylle =yl + [d? + |dllz — yl)+
+ 72 (o] + Joally| + |a]).
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For each t and s, then,
1) (2. 8) — Do)t 9| ezz,zz) < It — sVl s
(1((®) = () = (&) = v0()* +1(3(8) = 7(5)) = ((t) = Y0(s))])+
[t = |72V ||y -121 (|(w(t) = vo(t)] + [v(s) — vo(s)])+
[t = |72 V]|oo| (") — als)) = (a0(t) — ao(s))]
S (1t = |72 4 [t — s[72) || — o .

~

(3.2)
Let 0 < € < R < oo and consider three cases for t — s € [0,00): if t — s <¢,
we use the bound

1T () (¢, s) = T(mo)(t, 8)llcerz,e2) S IV | zee-
If t — s > R, we use the bound
1T ()¢, 8) = T(mo)lezz ) S IV I (8= 8)72,
while if t — s € [, R] we use ([3.2)). This leads to
|7 (7) — T(7T0)||£(L2 L?,) S

t,x?

SVl -rrnzee (€ + B2 4 [l = moll ooy yipr.oo (€727 + RY2)).

By setting € = ||7 — 7T0||12—[/5 and R = |7 — mol|5;", we get

2/5
IT(r) = T(ro)lleqz, 12y S IV llwy-szines Im — mollF{°.

t,x

When V € Lg/ 2’00, we proceed by approximation. Take V™ = V"V;* and

two sequences (V*),, and (V3'),, such that V{* — V4, VJ* — V4 in the L3>
norm, but V" and V' are bounded of compact support. The result is true
for each approximation, so it is still true in the limit. O

In case —A +V has bound states, we replace the functions V; and V3 in
1) by the operators V; and Vs given by the following technical lemma:

Lemma 3.2. Consider V € Lg/2’oo(R3) and H = —A +V such that H
has no embedded eigenvalues or threshold resonances. Then there exists a
decomposition

V — Py(H — i6) = V1 V4, (3.3)
where P, is the point spectrum projection, such that Vi, ‘72* € L(L?, L6/5’2),
and the Fourier transform of I — ’L'Tf/%f/l 1s invertible in the lower half-plane
up to the boundary, where

t ~ . ~
(T, 7, (1) = / Voe BV F(s) ds. (3.4)

Furthermore, Vi and ‘72* can be approximated in the E(LQ,L6/5’2) norm by
operators that are bounded from L? to (x)~NL?, for any fired N.
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For the proof, we refer the reader to [Bec].

Since v € I' need not be differentiable, we consider source terms, in
Schrodinger’s equation, that are merely distributions with respect to ¢t —
but which are supported on a specific space of time-dependent functions.

In the sequel, in the course of the paper, we use two fundamental proper-
ties of the free Schrodinger evolution — namely, that it satisfies Strichartz
estimates and produces local smoothing. We refer the reader to Theorem
1.13 in [MMT] (applied to the free evolution).

Let x be a smooth cutoff function supported on [1/2, 4] such that x(r) =1
on [1,2] and Pyf = NX(N|z|) * f(z). Define

_ _ 2
IF(% = sup [[x(2~ @) x|~ /> Py F|| 2 1/
Y4 e
oo
~ 3 2 sup (@ a)lal VPR,
¢ 'z
k=—0oc0

The smoothing result that we use for the free Schrodinger evolution is
then, following [MMT],

Lemma 3.3.
||eitAf||XnLng»2ngoLg S ||f||X’+LfL§/5’2+Lng'
We first prove the following technical inequalities:
Lemma 3.4. Let By(t) and By(t) be time-dependent operators of the form
B;(t) = 7 O%;t)

with 7 € L™, b; € Whe j=1,2. Then

([ mwees2pyr <s>ds,c<t>> <5,
Iy (35)
|F||L2L6/"2 L1L2||G|| Y= 1(g)—1- €L2OH1/2L2;
(By(t)e' =2 B, LGt dsH <
AR ()F().G0) ds|| <, 5, o)
|F|| 1/2 (V)=1(z)—1- €L208tCtL2+L1L2HGH ~1(g)~1- €L20H1/2L2'

Proof. ([B.5]) is an adaptation of the fractional Leibniz rule and we prove it
as such. To begin with, consider F(x,t) € L2L6/ >2 and let

Fi(z,t) = /t Bi(t)e't A By (s)F(y, s) ds.

—00
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Since || Ba(t)F(t)|l,2 6052 S, |F|l 2 6/52, without loss of generality, we
t 7T tHx
could set By = I. Following Lemma 2.1]

ICEL®), GO a2 S 2/ o, I(FL(E+ R), Gt + h) = (B (), GOz 2

S22 sup (Pt + h) = Fy(t), Gt + W)z o+
|h|<2—F '

+|2¥2 sup [[(Fi(t), Gt +h) — Gl |2
|h|<2-F g

5 HFl ”Ht1/2<V)(x)1+€L% ”G”C't(V)*l@)*l*éL% + ”Fl HCtL% ”G”HtlﬂL% .
The second term is bounded by Strichartz estimates, since
I Ol 2 |G /2 o Sorse 1N 2 pors 2 IG @ g2, -
For the first term, observe that
_1/9—
()~ 6F1HL§H;/2 SB1,Bs ”F”L%g/w

and
t
Oy (t) = Bl (t) / =905 By (s)F(y, ) ds-+

+ By (t)Ba(t)F(y,t) +iB1(t)A /t et=9)A By (s)F(y, s) ds,

—00

which implies that
1) =2<0V) 2Rz Sy IF I aposne:
s T tHx
By complex interpolation of exponent 1/2, we obtain
HFl HH3/2(V)1/2<:0)1+€L§ §B17B2 HFHL?L?C/EMZ-
Continuity follows in ([3) since (V)1 (z)72L? C L? and
[{(F1(8), G(O)le, S [Fille,r2l|Glle, (vy =1 @)-1-<2-
Next, let Fy(t) = B(t)e"™™ f, f € L?. Then
”Fl(t)”ctL%anLgvz SU HfH2
and ' '
OiF) = B'(t)e"™ f +iB(t)Ae'? f,
leading to
KA Full g2 o2 < llullwne | f -
By the same process as above, we obtain
HFl‘|H:/2<V>(x>1+€L%ﬁCtL% S HUHWL‘X’ ||f||2
Cutting off F1 by X([0,00)(t), it follows as in Lemma 2.4] that

X000 OV (O 272,y 0y« s s mmize S Il 11
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and, more generally, if F(t) = B (t) ffoo e(t=9)A B, (5)F(s) ds,
R Y 1 [ PYPREL
This completes the proof of (3.5]), as it implies that
<F17 G>F 531,32 HFHL%LQ% HGHC}(V)*l(w)*lst%ﬂHtlmL%'
The dual of (3.7) implies that (and is strictly stronger than)
HFl ”CtL% §B1,Bz ”F”H;1/2 (V)=1(z)~1-€L2n8,Cy L2+ LIL2" (38)
Next, we prove (3.0), which gains a full derivative in ¢. Starting from
||F1 H6;1L3<V)(x)L2'2 531,32 HFHL?(V)*WU@)*ng/S’Q
and its dual
‘|F1||Lf(v><x>Lgvz 531732 HFH@L%(V)*(:(:)*LQ/SQ’
by complex interpolation of exponent 1/2 we obtain, as above,
HFl HH;/Q(VMJE)HEL% SJBLBz HFHH;VQ(V)*@)*FEL%'
We then use
14E Bl g S 1B g gy v 2 1€ (w11 ey -e22 I Bl G0 o

This establishes the H'/2 conclusion of [B8). In order to bound |||, 125
we invoke (B.8]). O

The subsequent lemma controls the singular terms that appear in the lin-
earized Schrodinger equation, which are distributions with respect to time.

Lemma 3.5. Let
S(t) _ eD(t)Veiv(t)xeﬁ(t)(xv+3/2)eia(t)’ B,u,D,a € H1/2 na,
and assume that By, By are as in Lemma[3.4. Then
t
[(] s B2 B8P (6) ds.g)||, S

1E N 2 pors2 g gy 2 9l o9y 4y -1-e 2

I /_ ; S BIB9S (0() dssg )| Smimsena 50

Nl 1 1wy -1 2y -1 L2191l vy 1 2) -1 e 2

Proof. Note that interchanging e?®V and % in the definition of S only
generates a factor of e’ v which can be absorbed into *® . Likewise,
commuting e?®EV+3/2) with the other operators only changes v to Sv, D
to BD, leaving the nature of the expression unchanged — so the order in
which we write these operators is unimportant. Furthermore, applying S(¢)
to F(t) leaves its L2L%? norm unchanged.
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In 33), let G(t) = S(t)g = POV i)z ofB)(@V+3/2) gialt) g By LemmalZ 1]
D(0)V giv(t)e B(H)(@V+3/2) jiot)

e Ilgirzpe Sewpa l9llw)-1@-10z- (3.11)

Furthermore,
||eD(t Y% w(t) B(t)(mv+3/2 za(t 9|| gy -1mer2 SB,U,D,Q ||g||(V>*1<:c>*1*€L%'
(3.12)

This implies the first inequality, (3.9)).

Concerning ([B3.I0), letting F(s) = S(s)¢(s)f in ([B.6), we show that F €
H;1/2(V>_1 (x)717€L2M0s;Cs L2 + LLL2 by testing it against elements of the
dual space: from

/ (F(s),G(s)) ds = / 6()(S(s)f, G(s)) ds
R R
< 16272l (S(5)F, Gy

S ||¢HH*1/2 HS(S)fHHyzL%OCS(V)*l(x)*1*5L§ HG‘|H;/2<V>(x>1+€L§ﬂL§<’L%

we obtain, by approximating with smooth functions, since L' is a closed
subspace of (L*)*, that

”F” 1/2 > ( )717€L%+L%L% 5 |’¢HH71/2HS(S)JCHHSNQL%QCS(V>*1(x>*1*€L%'

Likewise,

[ #6). 6 ds = [ 6(s)(5(:)7. Gy ds

S lolle (S (s) f, Gs)) I,

< Nl 156172 3, 121G vz
implies (by approximating with smooth functions) that
”F”asCSL% 5 ”(ﬁHFI ”S(S)f”H;/2L%OC’S<V>71<I>*17€L%.
By Lemma 2.1]
HS(S)JCHH;/QLEHCS(Vfl<m>*1*€L§ Sﬁ,v,D,a ”f”(V)*Nm)*l*eL?-
Finally, let G(t) = S(t)g in (3.6]) and treat it by (BII]). We obtain (310).

The point spectrum of H = —A+V consists of a finite number N of nega-
tive energies Ej, 1 < k < N, with L?-normalized eigenstates g1, ..., gn. Let
Py = (-, 9k)9k; then P, = 25:1 Py is the projection on the point spectrum.

The negative energies are poles of the Birman-Kato operator (I4+Rg(A\)V) ™!,
which is analytic on L2, so by Fredholm’s alternative g, are in L2,

However, g, and their first two derivatives decay exponentially due to
Agmon’s bound:
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Lemma 3.6. Assume that V € Lg/2’oo and f € L5% is an eigenfunction of
—A+V corresponding to a negative energy E < 0: (—=A+V)f = Ef. Then

eV=Elalf e ppo oVElEIG f e ppo g VEERIG2 e ppo 4 e,

fOT any po € (3700)) p1 € (3/273): P2 € (173/2)
Assume that V € L3/2; then eV—E-9IV f ¢ H! for any e > 0.

Proof. Let V.= Vi + Vi, where V; € L' N L*> has compact support and
|Val| 1 3/2.0 is small. Fix € > 0, ¢ € [1,00]. Then (—=A — E)~!, given by the
L3 convolution kernel

(A - B)"(ay) =

is a bounded operator in the spaces
L(e~ VRl 3/2=ca o~V=Ele| [ 3=3.a) o £ (e~ Bl [1+eq V=Tl [ 35500

e~ V—E|z—yl
drle —y|

Conversely, Vo and V € L3/2% belong to
E(e—v—ElrlL%—%,q7 e—v—E\w\L?)/?—e,q) NL(e V™ Ela| f 115¢ a \/—EIrIL1+e,q).

Since e\/j'm"/lf e L3/2=ean [1+6q f is the sum of the infinite series
F=Y DF(~a - B) W) (A - BT

This shows that emk‘"f € Li—39n L%’q, SO e‘/ﬁ‘x‘Vf e L3/2—ean
L1749, The other two conclusions follow by taking the derivative in f =
(-A - E)"lVf.

If V e L32, then it follows in the same manner that eV—Flzl f e L.
Under the further assumption that V' € L? we obtain that eV=Elzly felL?
soV f has an analytlc contlnuatlon to [Im¢| < v/—E. Since the same holds
for (€2 — ) , f , V f , and V2] f have L? also analytic extensions to this
domain, so V2f is exponentially decaying in L2 O

Finally, based on these lemmas, we can prove Proposition [T

Proof of Proposition [I.1. With no loss of generality, let 5(0) = v(0) =
D(0) = 0. Assume for now that § is small in H/2 N C and that ¢’
and e~?D are small in the H~'/2 1 9;'C norm.

Setting z; = W77 f; = T we obtain that

OZ = e WOz — e V(1 - 1) 21,
VZ =—e vz + e V2,
AZ = —e %2z — 267wV 2 + e VA

The equation translates into

iOyz1 + (0 - x)z1 + |v]221 + 200V 2 + (A 4+ e PEVIIV (1 — 4 (1)) 2 = f1.
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Setting 22 = z1(z + (1), 1), f2 = fi(z + (1), 1), we get
Orz1 = Opzo(x — (1), t) — YV za(x — 7(t), 1),
S0
102 — 14V 20 + (0 - )29 + |v|222 + 20V 20 + (—A + E_B(xv+2)V)ZQ = fo,
which further simplifies to
1020 + (0 - 2)2g — iDV 2y — 0220 + (A + e PEVEIV ) 25 = £

Finally, if z5 = eP#O@V+3/2) oy - fo — BOEVE3/2x £, we obtain that

Dyzp = e POEVESD g oy o= BOEVEIZ 34V 4 3/2)23,

Azg = e_ﬁ(t)(xv+7/2)Az3.
Then
i023+eP (0-x) 23 —ie P DV 23 —if(xV+3/2) — |v]? 23+ P (—~A+V)z3 = f3.

Let the components of the solution and of the source term in this frame be
. N
Z = Peza, Zp(t) = > Zu(t), Zu(t) = Gu(t)gr = Przo,
k=1

Fz,t) = Pefa, Fy(x,t) = Cx(t)gr = Prfo.
Also denote K = €0 - 2 —ie P DV — if(zV + 3/2). The equation for Z
becomes
inZ+KZ—wf?Z+e*HZ =F + P,KZ — P.KZ,, (313
Z(0) = F.2(0),
while the equation for each Z;, 1 < k < N, can be written as
102 + PuK Zy — (|v|? — e Ep) 2y, = F, — PuK Z,
Z(0) = P Z(0).
Let p = (pre) be the N x N matrix of elements pye = (gi, Kg¢), £ = (Eji)

be the diagonal matrix with the energies on the diagonal; note that p and
E are selfadjoint. Also define the operators

N
T¢ = ZCkPCngu 17 = ((KPCZ7 gk>)1§k§N;
k=1
N
TC=> Crgr, 77 = ((Z,98)) 1 <pen-
k=1

Finally, let
() =7"Zy = (C1(t), ..., (1),
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be the column vectors having (i (¢) and ®(t) as entries. Setting

¢
P(t) = / p(s)ds = (gi, (v(t)x —iD()V —iB(t)(xV + 3/2)) g¢),

0

we obtain the system
i+ (P - —ePE=0+T"Z.
Let A(t) = eP0), & = A@)C, B(t) = ADEA®)L, $(t) = A®)D(1); also
let B(t) be a family of unitary matrices that solves 9, B(t) = e~ {l0()*+ie > E(t) p(¢).
Then B o .
i0,( — (o) — e P E(t) = &+ AW)T*Z

and the solution can be written in integral form as

Ct) = / B(t)B(s) ™ (05=0((0) 4 i®(s) + iA(s)T*Z) ds. (3.14)

—00
Concerning the projection on the continuous spectrum, fix § > 0 and
write (B.I3]) in the equivalent form

inZ+KZ —|v*Z + e (HP, +i6P))Z = F +1T*Z — TC.
Note that
HP.+i6P, = Hy +V — Py(H — id) = Ho + V1 Va.
By Lemma 3.2 we obtain
inZ+KZ —0*Z+e P (Hy+ VWWo)Z =F+71T"Z -T¢.  (3.15)

As a model, consider the simplified equation

i f + Kf — |v2f +e ¥ Hyf = F, f(0) given.
Letting S(t) = efO@VH3/2) 1OV vz and

flat) = S g, ) = e "D g(x — 4(t), 1),

F(z,t) = S(t)7'G(x,t) == e DTGz — ~(1), 1),
this becomes

idyg + Hog = G,9(0) = U(0)~" £(0),

SO
g = etfog(0) —i /t ei(t_S)HOG(s) ds
and -
=80 e s 00) —i [0 e () Fs) ds
Returning to (B.I5), we obtain that
/ S(t) 7Lt () (65202 (0) — iF + TT*Z — TC) + iViVaZ) ds.
(3.16)
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Denote

- t ] ~
Ty, v F(t) = / VoS(t) e =M S (5) Vi F (s) ds,

—0o0

respectively

t
Ty, (F(t) = / VaS(t)"Lelt=9Ho §(5) F(s) ds.

—00

Then, rewrite Duhamel’s formula ([3.10) as
(I —iTy, p)\VaZ(t) =Ty, [(6=02(0) — iF + 7T*Z — T(). (3.17)
We compare Tf/z,fﬁ with the kernel
¢
Ty, v, F'(t) = / Vet oy, B () ds.
—o0
The comparison takes place in the following algebra K:
Definition 3.1. K = {T(t,s) | sup, | T(t, $)fllaz < Ol fll2}-
Indeed, I — z'T%’Vl is invertible in K , with the inverse explicitly given by

t
((I =Ty, p) ' F)(t) =1 +i / Vae! (= HPABE) Y, () ds

—00

and bounded due to Strichartz estimates, following [Bec| and earlier results.
Then, we can also invert in BI7), if ||y|r is sufficiently small; indeed,
I' C L*°, so by Lemma B.1]

oo T ~ Trawillecz, 2z, =0
This implies that we can invert I — ’L'T% " and obtain
VaZ(t) = (I —iTy, 3,) "' Ty, [(81=02(0) — iF + 7T Z = T).
Using the further notation
T, (0= [ SIS i) ds,
—0oQ
and setting TI, 7 to simply be the Schrédinger evolution operator

TrF(t) = /_t S(t)~telt=3Ho 5 (5 F(s) ds,

we obtain from (BI7) that
Z = (Tra+Typ (I—iTy, ) Ty, 1) (61=0Z(0) —iF +7T*Z = TS(t) "' {(t)).
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We consider this equation as part of a system, together with the modulation
equation (3.14]). Using auxiliary variables (1, (2, Z1, and Z, we rewrite both
equations as follows, in order to apply a fixed point argument:

YA :(TL[ + TLVl (I — Z'T%’Vl)_lf%’l)
(0t=0Z(0) — iF + 7T*Zy — TA(t) ' (a(t)) (3.18)

G(t) = /t B(t)B(s)_l(és:(]f(O) +id(s) + A(s)T* Z(s)) ds.

—00

For initial data, we take Z1(0) = Z2(0) = P.Z(0) and ¢;(0) = (2(0) = ¢(0).
Assume that Zj is in the Strichartz space L2LS?, B(t) L A(t)T*Z, € T,
and B(t)71(,(t) € T'; we prove the same for Z; and (.
To begin with, by (8.18]) and Lemma 2.4]

IBO™ Gle S 1ZO)2 +I1BO ™ @)l + |1 B() ™ AR)T* Ze -

Note that B(t), B(t)~' € W1 and A(t), A.(t)_1 € H'2N C. Considering
each matrix component separately, for v € H/2 N C, (B29) implies that

IBO ™ AT T Flle S IF| 20052, 1BO) T AOT Ty, Flle $ 1F s,
The dual of (89) results in

IT7 TAW) ™ ol g o2 + |1 Ty,  TA®)  Callz, S

S Bl gr2ne + 16700 gr-1/200,0 + 1€ Dl gr-1/206,c)IBE) ™ 2|l
Finally, from (3I0) we infer that

B ABT T TAM®  Gllr <

S Bl grrzne + 16700 gr-1/200,0 + 1€ Dl gr-1/206,)IBE) ™ 2|l

In this estimate we also use the fact that the bound states of —A 4+ V have
two derivatives exponentially decaying in L2. We reach the same conclusion
if 8, v, D € I and bound states have one additional derivative.

These term-by-term bounds result in the overall estimate

1210l 2 o2 + IB(t) P AW T* Zy || + |1B(H) " G)lIr S
S (Hﬁ”guznc + ||€B@||H71/2matc + ||€BDHH71/20&C)
(I Zall 2 o2 + |B(t) P A T* Zo|r + || B(t) "G (8) )+

HIZO) 2 + [1PF 052, paps + 1B(t)~ ®|r.

Taking the difference between two solutions to (B:IEI) corresponding to dif-
ferent values of (Z2,(2), that is (Z3,¢3) — (Z,¢]), j = 1,2, the terms



THE SCHRODINGER EQUATION WITH A POTENTIAL IN ROUGH MOTION 27

related to Zy and F' cancel:
1Z = Zill o o2 + IBO AT (ZF = Z1)lle + 1 B@) ™ (¢ () = L) <

< (Hﬂ”f]l/zrnc + ”eﬁif”f]*l/zmat(j + ”eﬁD”Hfl/zrqatc)
(123 = Z3ll 2 s + 1B AT (23 = Z3) Il + | BOTHGE ) = G(E)r).-

Therefore, the mapping (Z2,(2) + (Z1,¢1) is a contraction and its fixed
point (Z,() is a solution to the original system, satisfying the bound

1Zl 2 52 + 1B AGTZ e + | B ¢(t)lIr <

SNZO)l2 + WP o porsy papa + 1B()~ @l
Letting Z = Z + 7*C, we obtain a solution to the equation that satisfies the
stated Strichartz estimates and is in H'/2 in time, if localized in space.

Finally, assume that v, D, and § have finite, but not small, HY/2 N C
norms, and are uniformly continuous; then we divide the interval [0, c0) into
finitely many pieces,

[0,00) = [O,tl] @] [tl,tQ] J...U [tN_l,OO),

on each of which HeﬁHrHv(t)HHUg[thtz] +SUDset; 1) 8 |Ir|v(t) —v(t1)] is small
and same goes for D and .

By a symmetry transformation we can set §(t1) = v(t1) = D(t;1) = 0. We
use the same argument to conclude that the Strichartz estimates hold on
each interval. Iterating, we obtain a bound on the whole real line, with a
constant that grows exponentially with V. O

We proceed with the proof of Corollary

Proof of Corollary [L2. Just to simplify the computations, we take the scal-
ing [ to be zero in the sequel (there is no qualitative change from doing this).

Following ([B.14]), the mass transfer from P.L? to P,L? is expressed by the
formula

Uep(t) P Z(0) = / t T B(t)B(s) L A(s)T* P.Z(s) ds.

—0o0

Here Z is a solution to the equation (L)) having P.Z(0) as the initial data.
The mass transfer from P,L* to P.L? is given by

Upe(t) P, Z(0) =(Tr.r + Ty, (I — iTy, 5) ' T, 1)
(rT*P.Z —TB(t)"'7P,2).
When 7 is small in norm,
IB®) SV PZO)I S IVIF 2] 202 < 1Pl PZ(0)])

and
1Z]|Lzerz < VI 155 Z(0) |2
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By the Strichartz estimates of Proposition [[.I] it follows that the strong
limit in the definition of the wave operator,

i —itA
WiZ(0) = i_l)lge Z(t),

is L?-bounded. Likewise, concerning the bound states, the limit

lim B)™'S()7Z(x —(1),1) =

_ / B(s)" (6,—0C(0) + id(s) + A(s)T* P.Z) ds
R
exists due to Proposition [I.1l O

Next, we prove Theorem [L.3]

Proof of Theorem[1.3. To simplify computations, we take 8 =0 and v =0
in the sequel. This does not change the proof in any significant way.

We split the energy into two terms, E[Z(z+~v(t),t)] = E[P.Z(x+~(t), )]+
E[P,Z(x + ~(t),t)]. The bound state energy is bounded, as

EP,Z(x+~(t),t)] =(ET"Z,7*Z)

and [|7*Z || S [ Z(0)]]2-

Next, we consider the dispersive part of the solution. Starting from

10y P.(t)Z(t) + H(t)P.(t)Z(t) = P.(t)F(t) + (0 P.(t)) Z(t)

and taking the gradient one has that
iVP.(t)Z(t)+H(t)VP.(t)Z(t) = VP.(t)F(t)+i(0 P.(t)) Z(t)+H(VV () Z (t).

Hence, if VV € L3/2% by Strichartz estimates for both Z and VZ — and
using inequalities of the form of Lemma to bound i(0; P.(t))Z(t) — we
get

HPc(t)Z(x, t)HLgoH;mLyvyng’z SJ ”Z(O)HHl
This bounds the kinetic energy of the dispersive component P.Z. Further-
more, we obtain

IPZ (@ + 1)l gz o2 S 120)
hence
1122 + APl 1200y 180 < 12O
This leads to a bound on potential energy:
KV (@ = Y (0)PeZ, Pe2) | i1 /200 S NZ O IV w1220 (14 [7]I0).

Note that the potential energy of the dispersive component, E,[P.Z (z+~(t)],
goes to zero in the average, due to Strichartz estimates:

KV (@ =) PeZ, PeZ)ll 3 S IV || s 1 Z(0)]3.
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