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LARGE INITIAL DATA GLOBAL WELL-POSEDNESS FOR
A SUPERCRITICAL WAVE EQUATION

MARIUS BECEANU AND AVY SOFFER

ABSTRACT. We prove the existence of global solutions to the focusing
energy-supercritical semilinear wave equation in R3*! for arbitrary out-
going large initial data, after we modify the equation by projecting the
nonlinearity on outgoing states.
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1. INTRODUCTION
Consider the focusing semilinear wave equation on R3*!

ugy — Au— |ulNu =0, u(0) = ug, u(0) = uy. (1.1)
This equation is H%e-critical for s, = % — %, making it energy-supercritical
for N > 4.
An equivalent formulation of equation (L) is

u(t) = cos(tv—Ryug+ SV A) /0 " sin((t \;%M)

N (ju(s) M u(s)) ds

or in other words

u(t) = Po(t)(ug, ur) +/0 Do (t — 5)(0, Ju(s)[Nu(s)) ds,

2010 Mathematics Subject Classification. 35L05, 35A01, 35B40, 35B33.
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where
®(t)(uo, u1) = (Po(t)(uo, u1), 1(t)(uo,u1))

sin(tv/ —A
= (cos(tvV —Aug + ¥u1, —sin(tvV —A)vV —Aug + cos(tvV—A)uy)
vV—A
is the flow of the linear wave equation in three dimensions.
Since this equation is hard to analyze, we consider instead a simpler
model, where we project the nonlinearity on outgoing states first:

u(t) = Do (t) (g, u1) + /0 Do(t — )Py (0 Ju(s)|Vu(s) ds.  (1.2)

Here P, is the projection on outgoing states, see (B1I)). In Section M we
obtain several more concrete equivalent formulations of equation (2l).
Equation (LZ) has the same scaling as equation (II]) and in particular is
energy-supercritical for N > 4.
All concrete formulations of equation ([2)) — see (L3), (£4), (£3H), and

(#.6) — involve the nonlocal operator

CETy " pf(p)dp.

Therefore, the solution has infinite propagation speed and even if it starts
with compact support it immediately extends to the whole of R?. In general,
at times t > 0 the best decay rate we can expect is 1/|z|.

The reason why we take the focusing sign in equation (II) is that the
projection on outgoing states Py changes the sign of the nonlinearity, so
equation (L.2)) is in fact defocusing.

For equation ([.2]), it turns out that all sufficiently regular and outgoing
(in the sense of Definition [3.3]) initial data lead to global solutions forward
in time, even when the equation is energy-supercritical, i.e. N > 4.

We begin with a global existence result for finite energy bounded initial
data.

Theorem 1.1. Assume N > 2 and consider radial outgoing (in the sense
of Definition [3.3) initial data (ug,u1) € ((H' N L®) x L?)ou. Then the
corresponding solution u to equation (I.2) exists globally on R> x [0,00) and

el oo s S ol gas (@)l S 772 uoll 1,

and
N-2)/2 N/2
lullze, S Nuollzos + luoll % lluoll %72 + uo| g lluol| 2.

t,x N
In addition, assuming that N > 4,

1/2

[ullz2pee S lluollzoe + (Iny fluoll o + Iy fluollzee + 1) [luoll g1-

We next state a low regularity global existence result that holds for LN 12
initial data supported away from the origin.
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Theorem 1.2. Assume N > 2 and consider radial and outgoing initial data
(ug,u1) with ug € LN*2 and suppug C R3\ B(0, R) with R > 0. Then the
corresponding solution u of (I2) exists globally on R3 x [0,00) and

H“”LgOLiV“ < luolpa+e. (1.3)

In addition, if N > 4 then |Ju(t)|| v+2 — 0 as t — oo.

Note that the solution wu(t) at time ¢ is supported on R3\ B(0, R + t).
Since ||ul|pn+2 = Hrz/(N+2)U(T)HL£V+2([O o))» We can rephrase inequality (@3)
as

()] +2 0 00y S (B A+ )25 Jug]| .

This means that the solution disperses in a certain sense.

When dealing with data supported near the origin, we need more regular-
ity even for local existence. As a corollary to Theorem [[.2] we obtain that
a global solution always exists for H% x H® 1 outgoing initial data.

Corollary 1.3. Assume that N > 2 and (up,u1) € (HSCQLN+2 X HSC_I)Out
are radial and outgoing. Then the corresponding solution u of (I.2) exists
globally on R? x [0,00) and

HUHL?L;\’H < uol| 2.
In addition, if N > 4 then ||u(t)||y+2 — 0 as t — oo.

This hypothesis is optimal from a scaling point of view, but certainly not
optimal in terms of the number of derivatives. For outgoing solutions one
has the Strichartz-type estimate

1@o(uo, )l vrz oo S Nt0ll|g—2/n—e poopa-2/n+erge-

Therefore we could take |z|~2/N=¢L2® N |z|~2/N+e[2° N LN*2 initial data.

Previous papers on the topic of supercritical wave equations include [BeSa],
[Bull], [Bul2], [Bul3], [DKM], [KiVil], [KiVi2], [KrSd], [Roy1], [Roy2], [Stx],
and [Tao]. For more details, the reader is referred to [BeSo].

Our results are in keeping with the principle that, for radially symmetric
solutions, blow-up can only occur at the origin, so it is precluded in our case
due to the outgoing character of the equation (L.2). In fact, for this reason,
a higher power of the nonlinearity makes the equation easier to solve, since
it means more decay.

The proofs are based on local existence results and on two scaling-subcritical
conservation laws that we leverage in order to control the solution.

The hypothesis that the initial data are outgoing is in fact not necessary.
This will be addressed in a future version of this paper.

Equation (I.2) is a concrete example of an energy-supercritical dispersive
equation, with no scaling-critical conserved quantities, that can be com-
pletely solved for arbitrary large initial data. In addition, studying this sim-
plified model may lead to new insight concerning the original equation (L.IJ).
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The paper is organized as follows: in Section [B] we recall the definition of
incoming and outgoing states and state some linear estimates. In Section [
we derive some alternative formulations of equation (L2]). In Section [l we
prove some local existence results and small data global existence results.
In Section [6] we show some conservation laws for the equation. Finally, in
Section [ we prove the main results stated in the introduction.

2. NOTATIONS

A < B means that |A] < C|B]| for some constant C. We denote various
constants, not always the same, by C.

The Laplacian is the operator on R? A = 8672 + 8672 + 8672.

Ty zg  “z3

We denote by LP the Lebesgue spaces, by H® and W*? (fractional) ho-
mogenous Sobolev spaces, and by LP? Lorentz spaces. We also define the
weighted Lebesgue spaces w(z)LE := {w(z)f(z) : f € LP}.

H*# are Hilbert spaces and so is H! x L?, with the dot product

((uo,u1), (Uo, Ur)) g1y 2 = /]R3 Vuo(z)VU () + uy (2)U1(2) da.

For a radially symmetric function u(z), we let u(r) := u(z) for |z| =r.

By (H 1% L?) 5yt we mean the space of outgoing radially symmetric HYx L?
initial data, see Definition 3.3

We define the mixed-norm spaces on R3 x [0, 00)

B = {1 s = ([ U@l )™ < oo,

with the standard modification for p = oco. Also, for I C [0,00), let
1 lrpawsxry = X1 () fllr e, where X is the characteristic function of I.
We also denote B(0, R) := {z € R? | |z| < R}.
Let ®(t) : H' x L? — H' x L? be the flow of the linear wave equation in
three dimensions: for

uy — Au =0, u(0) = ug, w(0) = uq,
we set D (t)(ug,ur) = (Po(t)(uo, u1), P1(t)(uo,u1)) := (u(t), u(t)).

3. PRELIMINARY ESTIMATES

Recall the standard Strichartz estimates for the free wave equation in
three dimensions, see [GiVe], [KeTa], and [KIMal:

Lemma 3.1. Consider a solution u of the free wave equation in dimension
three:
ug — Au =0, u(0) = up, u(0) = uy.

If (ug,uy) € H' x L? are radial, then

ol e iy i 2 e S Nollzn + a2
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Note that in particular, as shown in [KIMal, the endpoint L2 LS° Strichartz
estimate is true in the radial case.

One of the main technical tools we use in this paper is a decomposition
of all radial initial data into incoming and outgoing states. Intuitively, in-
coming states are those that move toward the origin, while outgoing states
are the ones that move away from the origin.

To define incoming and outgoing states, we use the following lemma bor-
rowed from [BeSol:

2

Lemma 3.2. There exist bounded operators Py and P_ on Hﬂad x Lz 4,

given by
P (ug,u1) = (Pog(uo, u1), Pry (ug, ur))

= (% <U0 - % /0” pui(p) dﬂ), %( — (up)r — % + ul)) (3:-1)

and
P_(ug,u1) = (Po—(uo,u1), Pi—(ug, u1))

= (%(Uo + % /0 pu1(p) dp)é((ﬂo)r + % +u1))v

such that I = Py + P_, Pf = P,, and P> = P_.

If ®(t) is the flow of the linear equation then fort > 0 P_®(t)Py =0 and
fort <0 PL®(t)P_ = 0. In addition, fort >0 ®(t)Py(ug,u1) is supported
on R3\ B(0,t) and for t <0 ®(t)P_(ug,u1) is supported on R3\ B(0, —t).

(3.2)

In addition, we use the following related fact: suppose that Py (ug,u1) =
(up,u1) and (ug,uy) are supported on R3 \ B(0, R); then ®(¢)(ug,u1) is sup-
ported on R3\ B(0, R +t) for t > —R.

Definition 3.3. P, and P_ are called the projection on outgoing, respec-
tively incoming states. We call any radial (ug,w1) such that P_(ug,u1) =0
outgoing; if Py (ugp,u1) = 0 we call it incoming.

We next recall another lemma from [BeSo], concerning the nonlocal op-
erator that enters the definition of P, and P-_.

Lemma 3.4. For radial f € L?

L orovdel| S 1Al
Hr/o HH e

rad

More generally, for 0 < s < 3/2

YL orovde|| L < 1A (3.3)
5 "

rad

Consequently, Py and P_ are bounded on Hsx H ! for1<s< 3/2.
Furthermore, if (ug,u1) are purely outgoing or purely incoming, then
lluo| s ~ lJut]l grs—1 for 1 < s < 3/2.

We need one more property of this nonlocal operator.
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Lemma 3.5. Consider f € Lfad N L. Then
1 T
Z <
|7 [ ororan]|, . <1510z e
Proof. Clearly
1 T T
5 [ eswras] < [ 1)
™ Jo 0
Then
r 1 00
[ itnao< [C1s@ao+ [ irelde
< 11l + £l oon 1L/0l 2 100y S Il + 11122 -

This inequality can be improved:

Lemma 3.6. Consider a radial function f on R3. Then

1 [ 1 [
Z < - < -
- /0 pf()dp| S f s, ||- /0 pf(p)dp| | S Ifllgeas (3:4)
and for3/2 <p <3
1 T
Z <
|- /0 pfe)dp| o S Il

This estimate means there is no need to take L initial data in our
equation (L.2) — L with p sufficiently large is sufficient — but for simplicity
we choose not to pursue this idea in this paper.

Proof of Lemma[3.0. We rewrite this nonlocal operator as
1 1
F@) 4 < @l

Amlal Sy fl T AT Syl WP
The two estimates ([B.4]) follow immediately from these representations
and from the fact that ‘—31” € L>* (which pairs with L3/%1) and ﬁ € L3/2°
(which pairs with L31).
The remaining estimate follows by real interpolation (see Theorem 5.3.1
in [BeLd)). Iin fact, L3?/G=P) can be further improved to L3/(3=p)», O

We are also interested in estimates that hold only for f supported away
from zero.

Lemma 3.7. Consider a radial function f on R? such that supp f C R3\ B(0, R),
where R > 0, and suppose 1 < p < 2. Then

Hl/orpf(p)deL"o < RU3P| | o, ‘%/Orpf(p) d,o‘ SR £ e,

[3p,00

r
and for 3p < q <

I5 [ esorae],, s &g
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Proof of Lemma[3.7. Since f is radial, f € LP is equivalent to p*Pf(p) €
LP([0,00)). Then

1 /" R
;/O of(p)dp

1-2/
< R "

~

1-2/p

/0 "2 f()] dp

(r = R)"210%P F (o)l Lo (o,00)) S B2V £ 1o

The first two conclusions then follow immediately; note that r—1/7 e 137>
and that 7~ 1/? < R=Y? on the domain of f. The third conclusion then
follows by interpolation. O

We next prove a simple dispersive estimate for outgoing solutions.
Lemma 3.8. Let u be the solution of the linear wave equation
ug — Au =0, u(0) = ug, u(0) = uy,
with outgoing initial data (ug,uy). Then for 0 < s < 3/2 ||u(:1:,75)||H:g <
[uoll s and for 1/2 <'s <3/2 and t > 0 [lu(z,t)|L S 5732 |uo|| s -
The endpoint ¢t~! decay can also be achieved by e.g. using Besov spaces

and interpolation (or, more simply, the inhomogenous H' norm). More
interestingly, the H® norms can be replaced by weighted L°° norms.

Proof. The first inequality follows because
lu(a, )l s < ol s + lluall grer S lluoll g

by Hardy’s inequality (since u1 = (ug), + %2). The second inequality follows
by the radial Sobolev embedding

[u(r)] S 772 ull 4
because at time ¢ > 0 the solution u is supported on R3 \ B(0,t). O

We now state some special identities that hold for outgoing solutions only,
which show the improvements that occur compared to the general case.

Lemma 3.9. Assume that u is a smooth, compactly supported, and outgoing
solution to the linear wave equation for t > 0:

ug — Au =0, u(0) = up, u(0) = uy.
Then

T n
/ |u|"dx:/ |u0|"d:1:—(n—2)/ / N
R3x{T} R3 o Jrs |z

In particular, for n > 2

[u[

[ M dede < ol
R

3xR ‘x’
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Proof. The solution u being outgoing means that u; + u, + u/r = 0. Note
that
d |ul

—/ |u|"d:17:/ nlu|" " 2uu; do = —/ n|u" 2y tnt—— d
dt Jesx (1) R3x {t} R3x {t} |z|

and

o0
/ n\u!"‘%ur dr = 471/ n\u]"_2uurr2 dr
R3x {t} 0
u (3.6)

= 4 (|u|™r?) | —477/ |u|"2r dr = —2/ — dx.
0 R3x {t} ||

Integrating in ¢ we obtain (3.5). The other conclusion is now obvious. O
Finally, we summarize some simple, but important results from [BeSo].

Proposition 3.10. Consider a solution u to the linear wave equation on
R3*+ with outgoing initial data (ug,u1):

wp — Au = 0, ’LL(O) = Uop, ut(o) = uz.
Then for0 <t <r

—1
u(r,t) = TTU()(T —t) (3.7)

and u(r,t) =0 for 0 <r <t. Therefore
lull g, < lluollzoe- (3.8)

More generally, for 2 < p < oo |Jul|pec 1z < [[uol|ze-

Note that actually for 2 < p < oo, by dominated convergence, |[u(t)||r —
0 as t — oco. Another easy consequence of ([3.7)) is that

[ulljzj-1r5e, < lluollja—1rge- (3.9)
4. DERIVATION OF THE EQUATION
We next perform a rigorous derivation of several alternative formulations
for equation (L2l):
¢
u(t) = @o(t)(uo, ur) + / ot — )Py (0, [u(s)| M u(s)) ds,
0

where Py is the projection on outgoing states, see (B.1]).
By taking a derivative in ¢ we obtain a similar equation for u;, namely

t
us(t) = B 1) o, 1)+ s O, ) Vult)+ | @(t=5) P (0, fulo)] ¥ u() s,
0
(4.1)
where the extra term comes from the derivative hitting the integral. Here

1 1 /"
Pos (uo, ur) = 5 (uo - ;/0 pui(p) dp)

is the first component of P;.
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We next write equation (I.2]) in a more explicit form. We start with

PO u(s) = (= 5 [ plulo )V utp.5) dp. 5lus) V().

Then

/Ot D(t — s) Py (0, |u(r, s)]Nu(r, s))ds =

= %( — /Ot cos((t — s)ﬁ)(% /OT plu(p, s)|Nu(p, s) dp> ds+
tsin((t — s)v—A)

e

=D ool ) +

1 /Ot sin((t — s)v/=A) < N+1 /OT’ plulp, )| Nue(p, s) dp + |u(s)|Nu(s)> ds.

lu(s)|Nu(s) ds>

2

VA ;
(4.2)
Thus the equation (L2]) becomes
sin(tv/—A) 1/t
u(t) = cos(tv—A)ug + ——u; — = | cos((t — s)vV—A
() = cos(tv/ =B+ Oy = 5 [eos((t = V=)
1 /" N 1 [Psin((t — s)vV—A) N
(7 [ plutos Moy ap) ds-+ 5 [ SIS o) Vugs) as
(4.3)
As shown by (&.2]), another equivalent formulation of (L.2)) is
1/ N+1 [T
s = St 5 (S5 [ pluo) ) dp = fulu) =0,
r 0
L (4.4)
0) = o, w(0) = =5 [ pua(o) Vol dp + 1.
Note that the original equation (LIJ) is equivalent to the system
Ut = v o o
{ v = Au [ulNu u(0) = ug, v(0) = uy.
Lemma 4.1. The modified equation (1.2) is equivalent to the system
1 T
w=v=g0 [ plu(o)Vu(p)dp
Tl 0 , u(0) = ug, v(0) = uy. (4.5)
N
Vs = Au + 5"&’ u

Proof of Lemma[{.1 Assume that (4.5]) holds. Setting ¢ = 0 we obtain that

wl(0) = v(0) - 5- /0 " pluoo) M uo(p)dp = — o /0 " luo(p)Nuo(p) dp
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and by differentiating we obtain

N+1 [T
w = v / plu(p) N ur(p) dp
r 0
1 N+1 [
= Aut fulNu - / plu(p)Nue(p) dp.
2 27" 0

that is (4.4).
Conversely, assume that (@) holds. Let v = u; + 5[5 plu(p)|Nu(p) dp.
Then

0(0) = u(0) + /0 " pluo(o) Nuolp) dp = s

2r
and Nl )
+
w= e+ 2o [ o) M) dp = Sut 5fu
T 0 2
Thus (u,v) satisfy (£.5). O

Finally, equation (4] can be rephrased as a first-order equation:

Lemma 4.2. For smooth and compactly supported solutions, equation (1.3)
s equivalent to

g + up + % + % /07‘ plu(p)[Nu(p)dp = (8, + %)@o(t)(uo,ul)—k
+®1(t)(up, u1),u(0) = up.

In particular, if the initial data (ug,u1) are outgoing, the equation becomes

U 1 r
wtu o /0 plu()Nu(p)dp = 0, u(0) = up. (A7)

(4.6)

Observe that even if the initial data (ug,u;) are outgoing, (A7) shows
that the pair (u(t),u¢(t)) fails to be outgoing at any time ¢ > 0, even at
time t = 0 (also see (d.4]), which shows that (u(0),u(0)) # (ug,uq)).

On the other hand, in view of (£.5]), (4.7)) precisely means that (u(t),v(t))
are outgoing for ¢t > 0.

Proof of Lemma[{.3. Assume that u solves ([.2)); hence (@I]) also holds.

Let P (ug,u1) := (ug)r+ %2 +uy be the second component of the incom-
ing projection P_. Combining (L2]) and (4J]) and applying Pi_ to (u,ut)
we obtain

Pr(u(t), ug(t)) = Pr-®(t)(uo, ur) + Pr— (0, Poy (0, [u(t)[Vu(t)))+
+ / PLd(t — 5)P, (0, [u(s)| N u(s)) ds.
0
However, P_®(t — s)Py =0 for ¢t > s and
P10, Pos (0, [u(t) [N u(t)) = Po (0, Ju(t)|Vu(t)) = —% /Orp!u(pat)\Nu(pat) dp.

We obtain exactly (£.0]).
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Conversely, assume ([4.6]) holds. We obtain in particular that

w(0) = B 0)(uo,u1) g [ lun(o) M un(p) dp = =g [ lun(p) M) .

Multiplying (4.6) by r we obtain

(ru)e + (ru), + 3 /Or plu(p)[Mu(p) dp = (r@o(t)(uo,w)); + r®1(t)(uo, us)-

2
Therefore, taking a t derivative and using the same relation again,
N+1 [T
(s =~ = 25 [ pla(e) ¥ us(p) dp -+ (1 (8) o, 1)+
0

+ (r®1(t)(uo, u1))s

= (ru)p, + %T!u\Nu — (r®o(t)(ug, u1))pr — (r®1(t)(ug, ur))r—

N +1

——5——j£TPthNNinﬂdp-+(T@lﬁ)@m7U1Dr-+(T@1@)@m7U1Dt

or in other words, since (r®o(t)(ug,u1))rr = (r®1(t)(ug,u1))t,
2 1 N+1 ["
Ut = Uy + Uy + g\u]Nu — 7/0 plu(p)[Nug(p) dp,
that is (4.4]), which is equivalent to (L.2)). O

5. EXISTENCE RESULTS

Our first result is that the equation (L2) is well-posed in the critical
sense for (ug,u1) € H* x H*~! initial data. In addition, if the initial data
is outgoing, then the solution lives inside a thickened cone, which we can
identify as a sharp Huygens principle.

Proposition 5.1. Assume that N > 4 and (ug,uy) € H% x H%~' are
radial. Then there exist T > 0 and a corresponding solution u to ({{.3) on
I =[0,T] such that

HUHL?OH,SCC(R3XI)ﬂLéV/QLgo(R3XI) S.z ”uOHHSC + ”uluHé‘c*l'

If (up,uy) are also small then I = [0, 00).
Finally, if ug and uy are outgoing and supported on R3\ B(0, R) with
R >0, then fort € I u(t) and u(t) are supported on R3\ B(0, R +t).

Proof of Proposition [5.l. We work with the (£3]) version of the equation.

We use a fixed point argument in the space L H?e(R3 x I )ﬂLiV / 2L§° (R3x1I).

We put the inhomogenous term |u|Nu in L} H3~1(R3xI) and 1 Jo plulp, )N ulp,t) dp
into L} H3*(R® x I). Indeed,

e a2, v gy 1 w10 s

LY Lo ®exr)" Lo L3N/2(R3 xT) W (R3x1T)

< N/2 N/2-.i-l
~ |’uHL§V/2Lg"(R3XI) ”uHL?oH;‘c(RSXI)'

Mol e oy S Ml
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The conclusion follows as in the case of the usual supercritical equation

(L), since by Lemma [3.4]

1 T
|7 [ otuto. o uto.t)do)] . < lhuto. O )] e
T Jo H, z

and consequently

L N N/2 N/2+1
|7 [ oot atotdo] o ST T
The interval I = [0,T7] is chosen such that the linear evolution of the initial
data has small norm on I, ||®o(t)(ug, ul)HLév/ngo(R?,X]) << 1.

The last conclusion concerning support follows because it holds for each
iteration in the fixed point scheme, due to the outgoing projection in the

equation. O

Next, we prove an existence result in the subcritical sense (where the time
of existence depends only on the norm of the initial data) for equation (L2]).
In addition, we also need to show that the solution depends continuously on
the initial data and that regularity and some decay are preserved.

Proposition 5.2. Assume that N > 2 and (ug,u1) € (H* N L®) x L?)u
are radial and outgoing. Then there exist an interval I = [0,T],

T > Cmin(luo||; *Nuoll 22, uoll ),

and a corresponding solution u to (I.2) defined on R3 x I such that
ll poo priascry S lwoll gy ullogs, @axry S lluollzee-

The solution u depends continuously on the initial data, i.e. every ug € H'N
L has a neighborhood N = {tg | ||tol z1 < 2||uoll g1, |0l < 2|lug|lre}
such that if ug € N then the corresponding solution @ is also defined on
R3 x I and

| — uHL?"H%(R%d)ﬁL?";(R%d) S Mo = woll gy o (5.1)

If in addition (ug,u1) € H? x H', then v € L H2(R? x I); furthermore,
for v given by #3), ve LP(HENL2)(R3 x I). Likewise, if ug € (z)" L,
then u € (x) 1L (R3 x I).

If N >4 and the wnitial data are also sufficiently small, i.e.

ol luoll 2 + lluollF luoll7=? << 1, (5:2)

then the corresponding solution u to (I.2) exists globally, forward in time,
and
ull oo iz ree S lluollgns llullzze, < lluollzee-

These solutions also depend continuously on initial data and preserve regu-
larity and decay for all time.
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Due to the outgoing nature of the equation, if the initial data are sup-
ported on R3 \ B(0, R) for some R > 0, then u(t) is supported on R3 \ B(0, R + t)
for t € I. This is true for the solution u because it is true for all the iterates
in the fixed point argument.

Proof of Proposition [5.3. We work with the (43]) version of the equation.
Even though some alternative results are possible using (4.4]), this other
version destroys the outgoing structure of the equation, leading to worse
bounds.

We apply a fixed point argument in the space L{® H (R3 x INLY,(R3 % T).
Consider the linearized version of equation (4.3])

u(t) = cos(tv/—A)ug + %ul - % /0 cos((t — s)V—A)
1 /M N~ 1 tsin((t —s)vV—A),_ N~
(7 [ olitoo¥ato.s) dp) as+ 5 [ IS i) ¥ags Cf:g)

Note that both the initial data and the inhomogenous term are outgoing, so
the whole solution is outgoing. ‘
Assume that N > 2. In H' we see that, since H' c L2,

[ . N~
Vol e s ey S ol + g +7 (]| - /0 plip.s)Nilpss)dpl|, o

()N a(3) | 3 o))
S Hluoll g +THWN71”L°°L2(R3M)
S ||u0||H1 +T||u||LooH1 (R3xT) ||u|| RSXI)

Here we have used Lemma 3.4l In L*°, in view of (BE) and of the outgoing
character of both the initial data and the inhomogenous term,

1 [ N~
lullzge, ocry S Nuollze + 77|~ /0 plato. ) alp ) dp| oo

S lJuollze + TH!ﬂ(S)!Nﬁ(S)HLMLg»I(RsXme (RO 1)
S lluollzee + TG gy sy 191 mory + 112 (g 1)
Here we have also used Lemma Thus, assuming that
1]l Lo iy asery S Nuoll s NallLge excry S lluollzes, (5.4)

and that
T < cmin(|fuol| ;7 luoll ;22 [uoll %) (5.5)
with ¢ sufficiently small, we retrieve the same conclusion (5.4]) for u.

Next, we show that the mapping % — u is a contraction. Indeed, in the
same way as above one can prove that for two pairs ! and @', respectively



14 MARIUS BECEANU AND AVY SOFFER
u? and @2 that both solve (5.3)),

ot =l e gy gsry S T = 2 ooy sy (18 17 e gy s ey

(5.6)
1817 TRy + 18217 e sy 18 1 B o)
and
Hul - UzHL,?j;(WxI) 5 THﬁl - a2HL°° (R3x1I (Hal”ioogl(RSXI H |L°° ]R3><I)+
~1N ~
+||U1||L?,Ox(R3><I) + ||u ||L°°H1 (R3x1T) || || RSXI + || ||L;>’°x(R3><I))'
(5.7)

Therefore, again assuming condition (5.5]) with ¢ sufficiently small, it follows
that the mapping is indeed a contraction on the set of u satisfying condition
(B4) and it has a fixed point v = @. This fixed point is a solution of (4.3])
on R3 x I with the desired properties.

In order to prove the continuous dependence on the initial data, first note
that if ||| ;1 < 2[Juol| g1 and || @ol|ze < 2||uol| e, then the solution @ also
exists on an interval [0, 7] where

T = cmin(|[uol| 2 |uol| 722, uoll 72,

for perhaps a smaller value of ¢. After making this adjustment, take the two
versions of equation (L2]) satisfied by v and @ and subtract them from one
another. We obtain, analogously to (5.6]) and (5.7)), that
o — uHL?"H;(R3><I)ﬂL§f’I(R3><I) S o = woll grppe +Tla — “”LOOH;(RBxI)mL;f;(WxI)
~ IN=2 1~ (N
(ol luo I 2=® + lluol| Zoe + ol a0l 7= + llaol 2 )-
We obtain (5.1]) for sufficiently small 7" as in (5.5]).

Next, if the initial data are in H? x H' we obtain the preservation of
regularity for free:

1 T
. < . - - N
||u||LtooH£(R3X,)N||u0||H2+||U1||Hl+T(HT/0 plutp, ) ulp,s)dp| o

o lla) N () o sy )
< ool + g+ 7)) | e g s
S lluoll g2+ lunll g+ Tl oo g1 sy lll 2o, ey < 00-

See Lemma [3.4] for the bound used here.
Following the (@5 formulation of equation (L2]), let

1 T
v=ut o / pluo(p) [N uo(p) dp.
T Jo
Then, by (&I,

v =& (ug,u1) + /0 1 (t — s)Py(0, Ju(s)[Nu(s)) ds.
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It immediately follows, same as above, that
N-2
|’U”L§°L§(R3><I) S ”uouﬂl +THu”igoHl(RSxI)Hu”L;’f’x(RSXI)

and
N
||U||Lg°H%(R3X1) S ol gz + lluall g + THuHLgOH;(RSX[)||u||Lgf>x(R3x1)-

Concerning the preservation of decay, a rigorous way to prove it is to
include it in the fixed point argument. Indeed, consider a pair v and @ that
together solve (5.3)) for initial data ug € |x|~'L>°. By (3.9)

1 N
Il 215 oy 5 Nl + 7|7 [ ol iyl
() (s
S ol + 7] )

_ N—2
S ol jz)-11g0 +T””H\x\*lL;’f’x(R%d)HuHi?oH%HUHL?I :

L LL(R3xT)

Here we have also used the fact that H! ¢ L%2. In the same manner we
obtain that

1 2 -1 ~2 ~112 ~1)|N=2

lu” = o1 e, 3wy S TNE = @ [ljap-1 e, @y (18 o0 18717 ™+

~912 ~9 | N—2
A )
Therefore, in this case the fixed point of the contraction mapping will be a
solution u € |z|7*L% (R x T).

Next, assume that N > 4 and that the initial data are small. We use a
fixed point argument in the space L H! N L2L% N L. Note that

:
e mosziz S ol + llle + | [l i), +
+ 1a(s) N () |1z

< luoll o + () a(s) 2

< luoll g + 103 1217 N1

and, in view of (3.8)),

1 [ -
sz, S ol + |5 [ plato. )V, a0
< uollz + 1)V EE] 1y g1

LlL

~ 112 ~ 112 ~IN—3 ~ 112 <\ IN—1
S Nluollzee 4 [all 7o g 100172 oo [0l o™ + @l oo 10l 2
Therefore, assuming that
1/l oo pripzree S lluollgrs llallzge, < lluollzee, (5.8)

and
N— N—
ol 31 [luoll s + lluol %1 luoll s << 1, (5.9)
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we retrieve the same conclusion (5.8]) for u. We also prove that the mapping
U +— u is a contraction. Indeed, for two pairs u; and %1, respectively uo and
Uy that both solve (5.3)),

- - - - ~ IN—
s = wall pge prazzge S 1 — Ball pgo pry (12117 e gy 11172 ool 172+
=2 =2 ~ IN—4
+ HU2HL?<>H%HU2HL§L3<>”U2HL§% )
and

lur — wall e, S lan = 2l nge, (1@l o |72 oo |75 + 1217 oo 1

N—2+

Ly,

,

- ~ ~ N— - ~ N—
82 e 152123 0 18 D + 225 e 21 252)-

Thus the mapping @ — u is a contraction under condition (5.9]) on the set
of w that fulfill (5.8]). Its fixed point is a solution of (A3]) with the desired
properties.

The continuous dependence on initial data and the persistence of regu-
larity and of decay are proved in exactly the same way as in the large data
case. (]

We next prove a local existence result in the LN*2 norm for N > 2, under
the assumption that the initial data are supported away from zero. We also
find a corresponding small data global existence result for N > 4.

Besides these existence results, we are interested in proving the continuous
dependence of solutions on initial data and the persistence of regularity and
decay.

Proposition 5.3. Assume that N > 2 and (ug,u1) are radial and outgoing
initial data with ug € LN*2 and suppug C R3\ B(0, R) for some R > 0.
Then there exists a corresponding solution u to (1.3) defined on R3 x I,

, 2N -3 _N
where I = [0,T] with T > CR N+2 |lug||; x4z, and
HUHL;X’L;V“(RSXD < [Juol|pa+2-

The solution u depends continuously on the initial data: every ug as above
has a neighborhood N = {ug | |[to|| < 2||uol|pn+2, suppug C R3\ B(0,R)}
such that if ug € N then the corresponding solution @ is also defined on
R3 x I and

| — u”L;”LQ’”(R%d) S |t — uol| 2.

In addition, if ug € H' N L™ then u € L HL(R? x I) N LS, (R® x I) and
if ug € (x) 1L then u € (x) L%, (R? x I).
Assume N > 4. If the initial data
RN [Jug|[Mypn << 1 (5.10)

are sufficiently small, then there exists a corresponding global solution u to
(I2) on R3 x [0,00) such that HUHL,?OLQV” < lwol| vz
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In addition, the solution depends continuously on the initial data; if ug €
L% then u € LS,; and there is persistence of reqularity and of decay for all
time t > 0.

By standard arguments (i.e. dominated convergence, see [BeSa]), one can
show that in fact when N > 4 [Ju(t)||;v+2 — 0 as t — oo.

Again, due to the outgoing nature of the equation, if the initial data
are supported on R3\ B(0, R) for some R > 0, then u(t) is supported on
R3\ B(0,R +t) for t € I. This is true for the solution u because it is true
for all the iterates in the fixed point argument.

Proof of Proposition[52.3. The proof is based on a fixed point argument.
Consider the linearized version (5.3) of equation (4.3)

u(t) = cos(tv/ “Eyup + n(%“?)u —5 [ sttt —9v=B)

| . 1 [*sin((t — s)vV=A),_ .
(- /0 pli(p. )V i(p,5)dp) ds + 5 /0 x|V als) ds.

Due to Proposition BI0] it immediately follows that

1 [ N -
ol v S ol + 7] [ platocs)Vipyan]_

Assume that @ (and hence u) is supported on R3 \ B(0, R) as well for all

times t € I. By Lemma [3.7] we have that when N + 2 > 3%\7:'12), i.e. when

N > 2,
1/ N~ 1-gN+l, 3 A
z <
HT/O ,0|U(,O,S)| u(p’s)deLiV+2 NR N2 N+2H|u(8)| u(s)HLN'_Ni%

2-2N
= RN |la(s) |}

LN+2’
Consequently
2-2N g
Hu|’L§°L§C\’+2(R3><I) 5 HUOHLN+2 + TR N+2 Hu‘ L;L¥+2(R3XI)'

~ 2N-—2 _ .
If Hu||L§°L£V+2(R3><I) < ugllpyve and T < cRN+2 H7LL0||L]]\,V+2 with ¢ suffi-
ciently small, then we retrieve the same conclusion for w: ||ul| Loo LY 2R3 ) <

[[uollLv+2.
In a similar manner one can prove that for two pairs u! and @', respec-
tively u? and @2, both satisfying (5.3)),

Ju! 2| STRV? |[@! - | (a1
U Wl et xS u = Wl e a2 I e pvee oy
~9\ N
+ Hu ”L;?OL;VJFZ(RSXI))'
Thus the mapping 4 + u is a contraction under the same condition on T,

2N -2 _N
T < cR%2 |lug || n+2, on the ball {u | ”uHLtOOL;V“(WxI) < JJuollpv+2}. The
fixed point u is a solution of (I.2]) with the desired properties.
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In the same manner we can show that, if v and @ are two solutions with
initial data ug and g, then

i ~ 22N -
1% =l oo p 52y Sllio — wollpnsz + TRFF (|G — @2 oo 42y
(a1 2 sy + 1220 42 s 1))

This proves the continuous dependence of the solution on the initial data.
Next, assume that the initial data uy € L. Then, by (B.8)) and Lemma
. N+2
B.7 since {17 <2,

1 /" N
lullnge, ey S o= + 7 - /0 pluto, )N utp sy ol
1—3N+1 N
< ol + TRZPN2 u(s)Vuls) | xs

LeLYNTL(R3xT)

_ 2N+41 N
/S ||’LLO||L0<> +TR N+2 ||u||Loi_211V+2(R3XI)
S

< ol poe + B™NF2||ug| pr 12 < 00

Assume in addition that ug € H'. Then, since 2(N + 1) > N + 2,

1 T
ol ooy S ool + eall+ ([ [ ol ) V(o 5)

o ) V) e 2w )
< ol + ()| V() g 2.5

< ) N+1
~ ”uOHI—[l + Hu|’L?°Li(N+1)(R3><I)

Finally, assume that wo € (z)"'L°. Then we already know that u €
L:?,%(R:s x I) and by (33, since for N > 1 %—ﬁ < %7

T

0 x\fleoz(R3><I)
u(s)|Nu(s)

e 7]

~ ” 0H|:C| 1L |$| LooLL(R3x1)

1
fall 12z, S ol sz + 7)) | pluto,) ¥ uto.s) d|

N+1
SJ HUOH|J:|*1L°° + |’uHL;LiV+2(R3><I)ﬂL§° (R3XI)
,T

In the small initial data case, we similarly see that

T
0 LIyt

We then take advantage of the fact that, due to the outgoing nature of
the equation, we may assume that suppa(s) C R3\ B(0, R + s) (and hence

same for u). Therefore we obtain as above that

1 - -
Jull e oo S Noolls + [ pato.s) M ato.s) do

L _ 22N
|7 [ slito o ¥atos) do .. < (R+ )5 a1

L HL(R3xI)
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—92N —N
For 21;42-]2\] <-—1l,ie. N >4, fooo(R+ 3)% ds = CR;}\T& < 00. Thus

N N+
L;Liv+2 5 RN+2 Hu”LtooLi\LF?

1/ .
E /0 i, )|V, 5) dp)

In conclusion

N+1

4-N
lell s S luollnes + RN

Thus, assuming that HfLHL?OLé\rH < JJugl| v+2 and that RNz [uollNnse << 1,
we obtain the same conclusion for u. In a similar manner one shows that
the mapping 4 + w is a contraction and its fixed point is a solution u to
(C2) with the desired properties. Also in a similar manner one proves the
continuous dependence of the solution on the initial data:

~ ~ AN ~
HU_UHLgoLiV“ S llao—uol| pvse+RNF2 ||u_uHLtooLi\’+2(HqutooLi\H?"i'HuHJLVtooLi\H?)-

Next, assume that ug € L. Then

1 T
sz, S uollom + [+ [ pluto )M ut ) )

LiLg

In the same manner as in the large data case we now obtain that

_2N41
S (R+8)7 572 [|u(s) | -

;[ *plu(p.s)|¥ulp. ) do
T Jo

Lge
2N+1 1—N
For _2]<7VI21 <—1,ie. N>1, fOOO(R+s)_N—++2 ds = CRN+2 < oco. Therefore

1-N N+1
lulls, S Tuollw + R a1y, < oc.
Knowing this, it is easy to prove the persistence of regularity and of decay,
albeit possibly with linear growth in the norms. O

6. CONSERVATION LAWS

We now state some conservation laws for equation (I.2]). The first refers
to the conservation of the LN*2 norm.

This is an a priori estimate. We cannot assume compact support of the
solution due to the infinite speed of propagation; the best we can do is (z)~*
decay. The conditions in the statement are sufficient for all the integrals in
the proof to be well-defined. In particular, we need to assume that N > 1.

Proposition 6.1. Suppose that N > 1, that u fulfills equation (I1.2) on
R3 x I, I = [0,T], that (ug,u1) € H' x L?, and that uniformly for each
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t€[0,T) u(t) € H' N (x)"*L>® and us(t) € L>. Then

T |u|N+2
/ lulNF2 de = / lug| N2 da — N/ / dx dt—
R3x{T} R3 o Jrs |7

J\ig;2 /OT</]RB \UINuda:>2dt+(N+2)/0T/RB ”Z,L‘Nu((ar+%)<p0(t)(uo,U1)—|—

|z|
+ D4 (t)(up,u1)) de.

(6.1)
In particular, if the initial data (ug,uq) are outgoing, then

T |u|N+2
/ lulNF2 da :/ ||V T2 da;—N/ / dx dt—
R3x{T} R3 o Jrs 7|

N+2 [T lulNu | 2
dr) dt
167 /0 (/Rg 2] $> ’

S0

T |u|N+2
N
[ull pgo v +2 o xjo,7) < luollzaee, /0 /RS 7 drdt < |uoll} N2 (6.2)

This estimate does not seem so useful because all the quantities involved
are subcritical. However, as we saw above, if the solution is supported away
from zero then the LN*2 norm can be used to control it.

Proof of Proposition [6.1. As shown in Lemma [£2] (I.2)) is equivalent to
(#4). Therefore

4 lulNF2 de = (N+2)/ JulNuuy da
dt Jrsx {1y R3x {}
N Ju V2 N, 1 " N
—- ) [ el e g ([l ¥ ule) dp) dek
R3x {t} |z| 2r \ Jo

+ (N +2) /R3><{t} lulNu((, + %)@o(t)(uo,ul) + @1 (t)(up, u1)) de.

Furthermore, integrating by parts (see (3.6])) we obtain that

N |u|N+2
/ (N + 2)|u|™ vu, de = —2/ —dx.
R3x {t} R3x{t} |7
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Also
1 /T
N N
u| u— plu(p)|™ u(p)dp ) der =
L g (ot uto)an)
—2n [ ofulu( [ plup) ¥ u(e) dp) dr
0 0
r 2 oo 2
([ pluto)Muto)dp) = ( [ rluto)Vutr) ar)
0 0
1 lu|Nu 2
= — dx ) .
167T</Rs><{t} ‘LE’ x)
Integrating from 0 to T we retrieve (G.1]). 0

Next, we study the conservation of energy for (I.2]). For a solution (u,v)
of the equivalent system (£3]), let

Folu(t)] = /Rg Y Vul? + o2 da.
X

Again, this is an a priori estimate and the conditions in its statement are
sufficient for all the integrals that appear in the proof to be finite. Note
again that we cannot assume that the solution has compact support due to
the infinite speed of propagation. Consequently, we need that N > 1.

Proposition 6.2. Assume that N > 1 and consider a solution (u,v) of
the system (7.5) on R® x I, I = [0, T, such that (up,u1) € H! ><‘L2 and
uniformly for each t € [0,T] u(t) € H*N H' N (z)7'L*> and v € H' N L?.
Then

|u|N+2
Eolu(T)] = Bofu(0 N+2/ /R o dedie

(6.3)
—I—/ ((&—I——)<I>0(t)(u0,u1)+<I>1(u0,u1))|u|Nud:E.
R3x {t} r
Moreover, if the initial data (ug,u1) are outgoing,
‘u’N+2
Eo[u(T)] = Fo[u(0 N = / /]Ra e (6.4)

This shows that energy decreases with time for outgoing initial data.
Note that all computations can be justified under the weaker assumption
that u(t) € H ;N L™ for each t € [0, 7.
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Proof of Proposition[6.2. We start from

1
i—/ |Vu|2—|—v2d:1::/ Vu - Vug + vy
dt 2 RSX{t} RSX{t}

1 (" 1
= / Vu-Vv—Vu-V(—/ plu(p)|Nu(p) dp) + vAu + v=|u[Nude
R3x{t} 2r 0 2

1 N 1 r N 1 N
- T T 5.0 Ur d ) _
/R:ax{t}( 5 Urlul u> + 55U (/0 plu(p)[Nup) dp) + urlulMu+
1 T
+4—(/ p!U(P)!NU(p)dp)\uyNuda;,
T\ Jo
in view of the fact that

/ Vu-Vu+ vAudr = 0.
R3x {¢}

We next look at each term individually.

Ly 1N, 2
—uylu|Mudr = 4w —uyu|™ ur® dr
R3x {t} 2 0o 2

N+2 00 |, |N+2 1 N+2
2(N +2) o N+2 N +2 Jpsxqy |7

Then

1 r N OOl T N

5.0 Ur dp)dr =4 — Uy do) d
/R3X{t} 2 U </0 plu(p)|™ ulp) p) x w/o Su (/0 plu(e)|Nu(p) p> ”

—2eu( [ plu(o)Nulp)dp) I~ [ JurlalMudr - [ [l
0 0o 2 r3x{t} 2|7
Also

/ lu lulNudz = 4 7|u|N+2 dx (6.5)
R3x{t} 2 ¢ dt R3x {t} 2(N + 2) ’ )

Finally,

/ W}%( [ ooty an) o wae = am [ ([ o))

= g(/OTPIU(p)!NU(p) dp)2 o= g(/ooor\u(r)]]vu(r) dr>2 = 32%(/&@ ’““:’“ dm)z_
(6.6)

Therefore

d 1/ 2, 9 N / Ju N +2
—= Vul* +vder = ————— da+
dt 2 R3><{t}| | 2(N +2) Jroxqy |7

d Ju|N+2 1 luNu | \2
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Integrating from O to T" we obtain an energy identity, but not the one we are
looking for. For that, we use a different estimate instead of (G.5): by (4.4))

ut+ur+%+2—1r(/orp]u(p)]]vu(p) dp) = (&n—k%)@o(t)(uo,ul)+<I>1(u0,u1).

The term (6.5) then becomes (see the computation (3.06]))

1 N N / |u|N+2
—ululMuder = ————— dr—
/[RSx{t}Q el 2(N +2) Jroxqy |7

1 " 1 1
Lo ([ olatol utordo) u*ude 5 [ (@ Do(0) g ur) + @1 )l ¥
R3x{¢} 47\ Jo 2 Jr3x{t} r

Among other things, this exactly cancels (6.6]). In conclusion, by this method
we get

d1 N N+-2
——/ |Vaul|? +v? de = ——— ful dx+
dt 2 R3 x {t} N+2 R3x{t} ||
1 1
+ = / ((Or + =)Po(t) (ug, u1) + @1 (uo,ur))|ulNude.
2 R3x {t} r
Integrating from 0 to 7" we obtain (6.3]). O

7. PROOF OF THE MAIN RESULTS

Proof of Theorem [I1l. If the solution exists on some interval [0, 7], for all
t > T we can then rewrite the equation (L2) as

u(t):<1>0(t—T)(ao,a1)+/Tq>0(t—S)P+(o,\u(s)\Nu(s))ds, (7.1)

where
T
(i, 1) 1= B(T) (g, ur) + /0 B(T - )P (0, lu(s)Vuls) ds  (7.2)

are still outgoing (because the flow of the free wave equation, forward in
time, preserves the outgoing property). Note that @y = u(T"), but by taking
a T derivative we obtain

- [
ur(T) = @y — 5/0 plu(T, p)[Nu(T, p) dp.

Also compare with ([£35]). The outgoing pair (g, 1) are, by (1)), the new
initial data for the equation at time T'.
By the existence result Proposition £.2] the solution u exists at least
locally in time, on some interval [0, 7] with
. -2 —N+2 -N
Ty = Cmin(||uo|| 57 lluollz= " lluollz),
and

HUHLgOH;(WX[o,TO]) S HUOHHM ”uHLt"j’z(R3><[0,To}) S lluoll o<
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By approximating the initial data ug in the H* N L° norm with H* N
H2N(x)~' L functions Ty, we obtain approximating solutions @ € LtOO(H 2n
HI N (z)"1L°)(R? x [0,Tp)) and such that T € L{°(HL N L2)(R3 x [0, Ty)),
where (@, v) satisfy (£5]). This is also shown in Proposition

For these smooth and decaying solutions (@,v), Proposition implies
that energy is conserved and in particular

Fa(To)ll g2 < Eolu(To))"* < Eofa(0)]'? < Ifo]| -

We retrieve the same conclusion for the actual solution u by passing to the
limit, due to its continuous dependence on initial data.

Next, assume that the solution u exists on the interval [0, T},] and has the
desired property that

(Tl S ol .

The new initial data at time T, (a9 = u(T},),u1) given by (7.2]) are still
outgoing, as stated above, and ||t || ;1 S [|uoll g1 -

In addition, due to the outgoing nature of the equation, 4y and u; are
supported on R3 \ B(0,Tj), hence by the radial Sobolev embedding

ol Lo < T /2|0 || g -

By the existence result Proposition [5.2] the solution u can then be extended
to the interval [T},,T),41 = T), + 6T, where

0T = C min(|[gio| ;7 |0 ]| L2, 0| ;%) > Cmin(TN =272, TV2)|u| |,

and it has norm
ull Loo 11 3 w1 Tsa)) < N0l 1o [ll s, R, 140)) S M0 ] oo
Furthermore, by the same approximation argument as above one can prove
that u obeys the energy conservation law on [T, T, +1] as well, hence
(Tl g1 < Eolu(Tng)]V? < Eo[u(0)]Y < [luoll -
This completes the induction step.

At any rate, 0T 2> min(Tr(lN_2)/2,T,]LV/2) > min(TéN_z)/2,T0N/2), so 6T
is bounded from below, so T,, — oo as n — oo. This proves the global
existence of the solution. Concerning the norms, we see that

||UHL;><>H; S HUOHHl

and

—1/2
lu®llz= S 2ol ol g e o, tymcmindluo 2 ol 522 otz 20 S Tollzoe-

In particular, by combining the bounds on [0, 7] and on [Tj, o0) we obtain
that
2 N-2)/2 N/2
lullzze, S Mol + lluol 3 lluo I 57 + ol s 1ol 222
However, in this case nothing precludes the L?L° Strichartz norm from
being infinite.
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When T, is sufficiently large and N > 4, the initial data (g, @) at time

T,, become small in the sense of (5.2]), because
=4 = (N=4 1= 12 (e | N =2 —(N—4)/2 —(N-2)/2 N

1ol @0l 2= + ol % llaol|7? S (T =972 4+ T, N=2)72) ug | 3,

Therefore the solution u exists globally on R3 x [T, o0), with norm
H“”LgOH;(Ri%x[Tn,oo))mLfL;o(Wx[Tn,oo)) S ltoll o S llwoll s
[ ull g, ®3 x [T 00)) S ol S Ty 2 |uoll g »

and we can stop the induction after finitely many steps.
Collecting the bounds we have obtained on each of the three intervals
[0, To], [To, T}, and [T),, ), we see that

l[ull L2 o0 < min(To, 1)1/2||u||L§f’z(R3><[0,To}) + (In Ty, — Inmin(Ty, 1))2|Jug|| 1+
+ [[wll L2 oo (R3 x 13,00
S lluollzoe + (Ing [Juoll g + Ing [Juollzee + 1)V2]|uol g -
O

Proof of Theorem[1.2. This is similar to the proof of Theorem [T} but with
the conservation law Proposition replaced by Proposition

First, again note that if a solution u is defined on the interval [0, 7], then
at time 7' the solution solves the initial value problem (2] with outgoing
initial data (g, @), where ug = u(T) and

i = () + 5 /0 (T, p) N u(T, p) dp. (7.3)

By the existence result Proposition [(.3], the solution u exists at least on
the interval [0, Tp], with

2N—2 N
Ty = CR~N+2 ||’LL0||LN+2.

We approximate the initial data ug by Ty € H' N (z)~'L> such that
still suppwy C R3\ B(0,R). This gives rise to approximating solutions
7€ LPHL(R? x I) N (z) 1L, (R x I).

For these smooth and decaying solutions, the conservation law Proposition
[6.1] holds, so HEHL?L;\’“(RSx[O,TO}) < ||@o||pn+2. By passing to the limit we
also obtain that ||uHLt°°L£cV+2(R3x[0,To}) < lwo|| pv+e2-

Suppose that the solution u exists on the interval [0,7},] and has the

desired property that Hu”LgOLi\’“(RS K[0.T]) < lluo ||, v+2. Due to the outgoing

nature of the equation, u(7},) is supported on R3\ B(0, R+ T},).

The new initial data at time T,, (4o = u(T},),a1), with 41 given by (Z.3)),
then fulfill the conditions of Proposition[5.3l The solution u can be extended
to the interval [T}, T),+1 = T;, + 6T, where

2N -2 _N
0T = C(R+ Tp)) ™72 ||uo|| N, > To.
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In addition, by the same approximation argument as above one can show
that ||u||Lt°°LiV+2(R3X[Tn,TnH}) < (o)l pv+z < |luol|pv+2, thus completing
the induction step.

Since T,, > nTy, this proves the global existence of the solution u, satis-
fying (I3), on R? x [0, c0).

When N > 4, for sufficiently large T;, the initial data at time T become
small in the sense of (5.I0)), since u(7},) is supported on R3\ B(0, R+ T,)
and condition (B.10) becomes

4-N N 4-N N
(R+To) N2 lu(To) | v < (R4 To) Vo2 |lugl| ase << 1.

Therefore we can stop after finitely many induction steps and the solution
exists globally on the interval [T},,00). One proves by dominated convergence
that ||u(t)||~v+2 — 0 as t — oo. O

Proof of Corollary[I.3. By the local existence result Proposition [5.1], the
solution w exists on some interval [0,7] with 7" > 0 and

lell e e o wpo,rpn /2 ooy S 1ol s

By adding the LV*2 norm into the fixed point argument, one can show
that if up € LV *2 then Hu|’L§°Li\r+2(R3><[O,T}) S |lwollpv+2. In fact, by approxi-
mating the solution u with smooth and decaying solutions one can show that
u obeys the conservation law Proposition[6.Ilon [0, 7], so ||U||LOOLN+2(R3 0,17 <

t x k)

[[uo [ Lav+2-

Due to the outgoing nature of the equation, at time T u(T") is supported
on R3\ B(0,7). Then by Theorem the solution wu exists globally on
[T,00) and Hu”LgOLQ’“(RSx[T,oo)) < ||luo|| n+2. The conclusion follows. [
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